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1 Introduction 

In this paper, we solve a folklore conjecture on Fano manifolds without non- 
trivial holomorphic vector fields. The main technical ingredient is a conic version 
of Cheeger-Colding-Tian's theory on compactness of Kahler-Einstein manifolds. 
This enables us to prove an extension of the partial C°-estimate for Kahler- 
Einstein metrics established in [DS12] and [Til 2) . 

A Fano manifold is a projective manifold with positive first Chern class 
c\(M). Its holomorphic fields form a Lie algebra rj{M). The folklore conjecture 
states: If rj(M) — {0}, then M admits a Kahler-Einstein metric if and only 
if M is K-stable with respect to the anti- canonical bundle K^- Its necessary 
part was established in |Ti97j . The following gives the sufficient part of this 
conjecture. 



Theorem 1.1. Let M be a Fano manifold canonically polarized by the anti- 



canonical bundle K M . If M is K-stable, then it admits a Kahler-Einstein met- 



* Supported partially by a NSF grant 

1 It is often referred as the Yau-Tian-Donaldson conjecture 
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An older approach for proving this theorem is to solve the following complex 
Monge-Ampere equations by the continuity method: 

(w + y/-L ddip) n = e h ~ tv, uj n , w + V-idd<p > 0, (1.1) 

where w is a given Kahler metric with its Kahler class [uS\ = 2irci(M) and h is 
uniquely determined by 

Ric(w) -u = V^lddh, [ {e h - l)ui n = 0. 

J M 

Let / be the set of t for which (jl.ip is solvable. Then we have known: (1) By 
the well-known Calabi-Yau theorem, / is non-empty; (2) In 1983, Aubin proved 
that / is open |Au83j : (3) If we can have an a priori C°-estimate for the solutions 
of Ijl.ljl , then I is closed and consequently, there is a Kahler- Einstein metric on 
M. 

However, the C°-estimate does not hold in general since there are many 
Fano manifolds which do not admit any Kahler-Einstein metrics. The existence 
of Kahlcr-Einstein metrics required certain geometric stability on the underly- 
ing Fano manifolds. In early 90's, I proposed a program towards establishing 
the existence of Kahler-Einstein metrics. The key technical ingredient of this 
program is a conjectured partial C°-estimate. If we can affirm this conjecture 
for the solutions of (jl.lj) . then we can use the K-stability to derive the a prior 
C°-estimate and the Kahler-Einstein metric. The K-stability was first intro- 
duced in |Ti97] as a test for the properness of the K-energy restricted to a finite 
dimensional family of Kahler metrics induced by a fixed embedding by pluri- 
anti-canonical sections!! However, such a conjecture on partial C°-estimates is 
still open except for Kahler-Einstein metrics. 

In [Do 10] . Donaldson suggested a new continuity method by using conic 
Kahler-Einstein metrics. Those are metrics with conic angle along a divisor. 
For simplicity, here we consider only the case of smooth divisors. 

Let M be a compact Kahler manifold and D C M be a smooth divisor. A 
conic Kahler metric on M with angle 2tt(3 (0 < f3 < 1) along D is a Kahler 
metric on M\D that is asymptotically equivalent along D to the model conic 
metric 

u ,p = V^l ^p-a? + J2 dz j A d z)j > 

where Zi, Z2, • ■ ■ ,z n are holomorphic coordinates such that D — {z% — 0} locally. 
Each conic Kahler metric can be given by its Kahler form u) which represents 
a cohomology class in H ,X {M : C) n H 2 (M,~R), referred as the Kahler class [w]. 
A conic Kahlcr-Einstein metric is a conic Kahler metric which is also Einstein 
outside conic points. 

In this paper, we only need to consider the following conic Kahler-Einstein 
metrics: Let M be a Fano manifold and D be a smooth divisor which represents 

The K-stability was reformulated in more algebraic ways (see [Do02| . [Pa08| et al.). 
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the Poincare dual of Aci (M). We call u> a conic Kahler-Einstein with conic angle 
2-7T/3 along D if it has 2irci(M) as its Kahler class and satisfies 



Ric(w) = fju + 2tt(1 - (3){D\ 



(1.2) 



Here the equation on M is in the sense of currents, while it is classical outside 
D. We will require /i > which is equivalent to (1 — /3)A < 1. As in the 
smooth case, each conic Kahler metric uj with [uj] = 2nci(M) is the curvature 
of a Hermitian metric 1 1 • 1 1 on the anti-canonical bundle K^ 1 . The difference is 
that the Hermitian metric is not smooth, but it is Holder continuous. 

Donaldson's continuity method was originally proposed as follows: Assume 
that A = 1, i.e., I? be a smooth anti-canonical divisor. It follows from |TY90) 
that there is a complete Calabi-Yau metric on M\D. It was conjectured that 
this complete metric is the limit of Kahler-Einstein metrics with conic angle 
2irf3 i — ^ 0. If this is true, then the set E of j3 € (0, 1] such that there is a conic 
Kahler metric satisfying (|1.2p is non-empty. It is proved in [Do 10] that E is 
open. Then we are led to proving that E is closed. 

A problem with this original approach of Donaldson arose because we do 
not know if a Fano manifold M always has a smooth anti-canonical divisor D. 
Possibly, there are Fano manifolds which do not admit smooth anti-canonical 
divisors. At least, it seems to be a highly non-trivial problem whether or not 
any Fano manifold admits a smooth anti-canonical divisor. Fortunately, Li and 
Sun bypassed this problem. Inspired by [J MRllj . they modified Donaldson's 
original approach by allowing A > 1. They observed that the main existence 
theorem in [JMRllj . coupled with an estimate on log-a invariants in [Bell] , 
implies the existence of conic Kahler-Einstein metrics with conic angle 27r/? so 
long as fi = 1 — (1 — /3)A is sufficiently small. Now we define E to be set of 
P E (1 — A -1 , 1] such that there is a conic Kahler metric satisfying (|1.2|) . Then 
E is non-empty. It follows from [DolO] that E is open. The difficult part is to 
prove that E is closed. 

The construction of Kahler-Einstein metrics with conic angle 2ir/3 can be 
reduced to solving complex Monge- Ampere equations: 



where u>p is a suitable family of conic Kahler metrics with [uip] = 2ttci(M) and 
cone angle 2ir(3 along D and hp is determined by 



As shown in [JMRllj . it is crucial for solving (|1.3j) to establish an a priori 
C°-estimate for its solutions. Such a C°-estimate does not hold in general. 
Therefore, following my program on the existence of Kahler-Einstein metrics 
through the Aubin's continuity method, we can first establish a partial C°- 
estimate and then use the K-stability to conclude the C°-estimate, consequently, 
the existence of Kahler-Einstein metrics on Fano manifolds which are K-stable. 




(1.3) 



Ric(cj,g) = nup + 2tt(1 - 13) [D] + V^Tddhp and 
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For any integer A > and (3 > 0, let £ (A, /3) be the set of all triples (M, D, uj), 
where M is a Fano manifold, D is a smooth divisor whose Poincare dual is 
Xci(M) and w is a conic Kahler-Einstein metric on M with cone angle 2-7T/3 
along D. For any u> g £(X,f3), choose a C 1 -Hermitian metric /i with uj as its 
curvature form and any orthonormal basis {Si}o<i<iv of each H°(M, K^f) with 
respect to the induced inner product by h and uj. Then as did in the smooth 
case, we can introduce a function 

N 

p^{x) ='£\\S i \\l(x). (1.4) 

i=0 

One of main results in this paper is the following. 

Theorem 1.2. For any fixed A and /3q > 1 — A -1 , there are uniform constants 
Cfc = c(fc, n, A, /?o) > for k > 1 cmc? ^ — > oo such that for any f3 > f3o and 
uj G £{\, (3), we have for t = li, 

Pu,i > c e > 0. (1.5) 

In [Til2j . we conjectured that this theorem holds for more general conic 
Kahler metrics]! 

The most crucial tool in proving Theorem 11.21 is an extension of a compact- 
ness theorem of Cheeger-Colding-Tian for Kahler-Einstein metrics. One needs 
extra technical inputs to establish such an extension. 

As a consequence of Theorem 11.21 we have 

Theorem 1.3. Let M be a Fano manifold with a smooth pluri-anti- canonical 
divisor D of . Assume that oji be a sequence of conic Kahler-Einstein 
metrics with cone angle lixfii along D satisfying: 

Ric(cJi) = piUJi + 2vr(l - &)[£>], p t = 1 - (1 - ft) A. 

where pi = 1 — (1 — ft)A > 0. We further assume that lim/Xj = poo > and 
(M,uji) converge to a length space (-Moo^oo) in the Gromov-Hausdorff topology. 
Then is a smooth Kahler manifold outside a closed subset S of codimension 
at least 4 and d^ is induced by a smooth Kahler-Einstein metric outside a 
divisor C M^. Furthermore, (M,uji) converge to (MocOJqo) outside Doo 
in the C°° -topology and D converges to Dqo in the Gromov-Hausdorff topology. 

This theorem is needed to finish the proof of Theorem 11.11 
The organization of this paper is as follows: In the next section, we prove an 
approximation theorem which states any conic Kahler-Einstein metrics can be 
approximated by smooth Kahler metrics with the same lower bound on Ricci 
curvature. This theorem was not known before and is of interest by itself. In 
section 3, we give an extension of my works with Cheeger-Colding in CCT95 to 

3 Our method in this paper can be also applied to getting the partial C°-estimate in this 
more general case. 
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conic Kahler- Einstein manifolds^ In section 4, we prove the smooth convergence 
for conic Kahler-Einstein metrics. In the smooth case, it is based on a result 
of M. Anderson. However, the arguments do not apply for the conic case. We 
have to introduce a new method. In Section 5, we prove Theorem 11.21 i.e., the 
partial C°-estimate for conic Kahler-Einstein metrics. In last section, we prove 
Theorem 11.11 

The existence of Kahler-Einstein metrics on K-stable Fano manifold was first 
mentioned in my talk during the conference " Conformal and Kahler Geometry" 
held at IHP in Paris from September 17 to September 21 of 2012. On October 25 
of 2012, in my talk at the Blainefest held at Stony Brook University, I outlined 
my proof of Theorem ll.il I learned that X.X. Chen, S. Donaldson and S. Sun 
posted a short note on October 30 of 2012 in which they also announced a proof 
of Theorem O 

Acknowledgement: First I like to thank my former advisor S. T. Yau who 
brought me the problem of the existence of Kahler-Einstein metrics on Fano 
manifolds when I was the first-year graduate student in 80s. I like to thank 
my friends and collaborators J. Cheeger and T. Colding, their foundational 
regularity theory on Einstein metrics and my joint work with them on Kahler- 
Einstein metrics have played a crucial role in proving Thcorcm ll.il I also like to 
thank B. Wang, my former postdoctor and collaborator. My joint work with him 
on almost Einstein metrics is very important in establishing the main technical 
result in this paper. I also like to thank Chi Li, J. Song and Z.L. Zhang for 
many useful discussions in last few years. I am also grateful to Weiyue Ding 
with whom I had a joint paper DT92 on generalized Futaki invariants. This 
paper played a very important role in my introducing the K-stability in |Ti97j . 

2 Smoothing conic Kahler-Einstein metrics 

In this section, we address the question: Can one approximate a conic Kahler- 
Einstein metrics by smooth Kahler metrics with Ricci curvature bounded from 
below? For the sake of this paper, we confine ourselves to the case of positive 
scalar curvature. Our approach can be adapted to other cases where the scalar 
curvature is non-positive. In fact, the proof is even simpler. 

Let w be a conic Kahler-Einstein metric on M with cone angle 2irf3 along 
D, where D is a smooth divisor whose Poincare dual is equal to Xci(M), in 
particular, u> satisfies (|1.2[) for fj, = 1 — (1 — (3)X > 0. For any smooth Kahler 
metric uo with [wo] = 2irci(M), we can write u = ujq + \J — 1 ddtp for some 
smooth function cp on M\D. Note that ip is Holder continuous on M. Define 
ha by 

Ric(w ) - oj = y/^lddho, I (e ho - 1)cj™ = 0. 

JM 

4 My work with Cheeger and Colding CCT95 is definitely needed in establishing the partial 
C°-estimate which is crucial in proving Theorem II, II 
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Note that the first equation above is equivalent to 

Ric( Wo ) = nuo + 2%(1-0)[D] + V=ld8(ho-(l-0) log||S||g), 

where S is a holomorphic section of KTf 1 defining D and || • ||o is a Hermitian 
norm on K7f with Xluq as its curvature. For convenience, we assume that 

sup||5|| = l. 

M 

If ujp and hp are those in (11.31) . then modulo a constant, 

where tup = ujq + \/—lddipp. 
It follows from (|L2|) 

(u + V^ldd(p) n = e ^-0-P)^\\s\\i+a P -m> u n t 
where ap is chosen according to 

J ^ e *o-(l-/J}lag||S||S+«,. _ ^ u n = Q 

Clearly, ap is uniformly bounded so long as f3 > /3q > 0. 
The Lagrangian ¥ Uo ^{(p) of (|2.ip is given by 

JJrf - - / - i logfi / e ^-(i-«io g ||5||^ a ^ Ww ^ {22) 

v JM M V v JM J 

where V = J M 0Jq and 

J M = 77 E^^TT / ^l^A^A.'A^- 1 , (2.3) 

where uj v — ojq + \/^ldd<p. Note that F WOiA1 is well-defined for any continuous 
function ip. 

Let us recall the following result 

Theorem 2.1. I/uj = uj v is a conic Kahler- Einstein with conic angle 2irf3 along 
D, then <p attains the minimum of the functional F Uatli on the space ICp(M,uio) 
which consists of all smooth functions ip on M\D such that uj^ is a conic Kahler 
metric with angle 2-7T/3 along D. In particular, F W0!jU is bounded from below. 

One can find its proof in [Boll . An alternative proof may be given by 
extending the arguments in |DT91j to conic Kahler metrics. 
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Corollary 2.2. If fi < 1, i/ien i/iere are e > and C e > 0, which may depend 
on lj and [1, such that for any tp € K,p(M, ujq), we have for any t 6 (0, 



- u>o,t 



W>) > eJ„M - C e . (2.4) 



Proof. It follows from the arguments of using the log- a- invariant in |LS12j that 
Fuj ,t is proper for t > sufficiently small. Let u> = uj v be the conic Kahler- 
Einstein metric with angle (3 along D. Then ip satisfies (|2.I[) . Since M does 
not admit non-zero holomorphic fields Hit follows from [Do 10] that (|2.1[) has a 
solution (p when /i is replaced by p, = fi + 5 for 5 > sufficiently small. Hence, 
by Theorem 1 2. 11 F Wo p is bounded from below. Then this corollary follows from 
Proposition 1.1 in |LS12p 



□ 

Now we consider the following equation: 

(wo + y/=idd<p) n = e h '-^wj, (2.5) 

where 

h 5 = /io-(l-^)log(5 + ||S||g) + c 5 
for some constant eg determined by 



A I 



(^ e h -(l-l3)\og(S+\\S\\l)+c s _ A 



= 0. 



Clearly, c$ is uniformly bounded. If (ps is a solution, then we get a smooth 
Kahler metric 

ujs — oj + \/^ldd(ps. 
Its Ricci curvature is given by 

„. , s S(1-/3)X a . DSA^S 

Ric(wj) = nLu s + ujq + 5(1 - p) 



\\s\\i K ^ (5+\\s\\ir 

where DS denotes the covariant derivative of S with respect to the Hermitian 
metric || • ||o- In particular, the Ricci curvature of cog is greater than /i whenever 
(3 < 1 and 6 > oB 

We will solve (|2.5p for such w^'s and show that they converge to the conic 
Kahler-Einstein metric w in a suitable sense. 

To solve (|2.5p . we use the standard continuity method: 

(loo + V^lddip) n = e h6 - tip Lu Q l . (2.6) 



5 The corresponding fit is defined by (1 — t) = (1 — fit)\. 

6 Even if M does have non-trivial holomorphic fields, there should be no holomorphic fields 
which are tangent to D. This is sufficient for rest of the proof. 

7 In |LS12| . the reference metric ujq is a conic Kahler metric while ours is a smooth metric, 
however, the arguments apply with slight modification. 

8 This observation is crucial in our approximating the conic Kahler-Einstein metric d and 
first appeared in the slides of my talk at SBU on October 25, 2012. The arguments in 
establishing the existence of oj$ is known for long and identical to the one I used in [Ti97] . 
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Define Is to be the set of t € [0, fi] for which (j2.6[) is solvable. By the Calabi-Yau 
theorem, £ Is- 

We may assume (J, < 1, otherwise, we have nothing more to do. 

Lemma 2.3. TTie interval Is is open. 

Proof. If t £ Ig and ^ is a corresponding solution of (|2.6I) . then the Ricci 
curvature of the associated metric is equal to 



PS ADS 



So Ric(cj(p) > tcj(p. By the well-known Bochner identity, the first non-zero 
eigenvalue of uj v is strictly bigger than t. It implies that the linearization A t +t 
of (|2.6p at <f is invertible, where A t is the Laplacian of uj v . By the Implicit 
Function Theorem, (12 .6[) is solvable for any t' close to t, so Is is open. □ 

Therefore, wc only need to prove that Is is closed. This is amount to a priori 
estimates for any derivatives of the solutions of (|2.6I) . As usual, by using known 
techniques in deriving higher order estimates, we need to bound only Ju (tp) 
for any solution ip of (12. 6|) (cf. |Ti97j . |Ti98j ). The following arguments are 
identical to those for proving that the properness of F W0) i implies the existence 
of the Kahler-Einstein metrics in Theorem 1.6 of [Ti97] . 

We introduce 

FsAv) = JM \ J <pu% \ log J m e^uA . (2.7) 



This is the Lagrangian of (|2.6|) . 

Lemma 2.4. There is a constant C independent oft satisfying: For any smooth 
family of (p s (s € [0,t]) such that ip = ip t and (p s solves (|2.6I) with parameter s, 
we have 

Fs.t(f) < C. 

Proof. First we observe 

F SjS (<Ps) = J^o(^) - 77 I ^ w o- (2-8) 

V JM 

So its derivative on s is given by 

as sV J M 

Here we have used the fact 

/ (ips + sip s ) (w + V^Tddips) 11 = 

JM 

This follows from differentiating (I2.6P on s. 
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We will show that the derivative in ([2.8J1 is bounded from above. Without 
loss of the generality, we may assume that s > sq > 0. Then we have 

Ric(w Vs ) > slj Vs > s lj Vs , 

and consequently, the Sobolev constant of lo V3 is uniformly bounded. By the 
standard Moser iteration, we have (cf. |Ti98j ) 

-miips < / <p s (wo + V=idd<p a ) n + C. 

M V J M 

Since infM fs < 0, we get 

The lemma follows from integration along s. □ 
Next we observe for any t < [i 
h s = h -(l-f3)\og(5 + \\S\\ 2 Q )+c 5 < h ~(l-(3 t )\og\\S\\ 2 + c 5 . 
Hence, by Corollary [221 we have 

FsM > eJuoM ~C e - ^j^. 

Since both cs and ap are uniformly bounded, combined with Lemma 1 2.41 we 
conclude that Juj (p) is uniformly bounded for any solution tp of (|2.6[) I 9 I Thus 
we have proved 

Theorem 2.5. For any 5 > 0, ()2.5|) has a unique smooth solution ips- Con- 
sequently, we have a Kahler metric lus = ljo + \J — 1 ddps with Ricci curvature 
greater than or equal to /i. 

Next we examine the limit of ujs or (ps as S tends to 0. First we note 
that for the conic Kahler-Einstein metric lu with cone angle 2ir(3 along D given 
above, there is a uniform constant c = c{lj) such that sup M \fs\ < c. Using 
Ric(w5) > us and the standard computations, we have 

Alogtr W5 (w ) > -atr us (uj ), 

where A is the Laplacian of us and a is an upper bound of the bisectional 
curvature of loq- If we put 

u = tT Us (u ) - (a + 1) (fs, 
then it follows from the above 

Au > u — n — (a + 1) c. 

9 Here we also used the fact that Joj (¥>) is automatically bounded for t > sufficiently 
small. 
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Hence, we have 

u < n + (a + 1) c, 

this implies 

C~ x u$ < u s , 

where C = n + 2(a + 1) c. Using the equation (|2.6[) . we have 

C'- 1 u <u s < C (6 + HSII 2 )-^ w 0) (2.9) 

where C is a constant depending only on a and wq. Since j3 > 0, the above 
estimate on = luq + dd(fg gives the uniform Holder continuity of ipg. 
Furthermore, using the Calabi estimate for the 3rd derivatives and the standard 
regularity theory, we can prove (cf. |Ti98j ): For any I > 2 and a compact subset 
K C M\D, there is a uniform constant C^k such that 

1 1 ^5 1|<7 ! (-^) < Ci,k- (2-10) 
Then we can deduce from the above estimates: 

Theorem 2.6. The smooth Kahler metrics cog converge to lo in the Gromov- 
Hausdorff topology on M and in the smooth topology outside D. 

Proof. It suffices to prove the first statement: u$ converge to oj in the Gromov- 
Hausdorff topology. Since tog has Ricci curvature bounded from below by a 
fixed fi > 0, by the Gromov Compactness Theorem, any sequence of (M, ug) 
has a subsequence converging to a length space (M, d) in the Gromov-Hausdorff 
topology. We only need to prove that any such a limit (M, d) coincides with 
(M,ui). Without loss of generality, we may assume that (M,ujg) converge to 
(M, d) in the Gromov-Hausdorff topology. By the estimates on derivatives in 
(|2.10|) . M contains an open subset U which can be identified with M\D, more- 
over, this identification i : M\D M- U is an isometry between (M\D,lu\ m \ d ) 
and (U, d\jj). On the other hand, since a; is a conic metric with angle 27r/3 < 2tt 
along D, one can easily show by standard arguments that M\D is geodesically 
convex with respect to w. Then it follows from (|2.9[) that M is the metric com- 
pletion of M\D and i extends to a Lipschtz map from (M, ui) onto (M, d), still 
denoted by I. In fact, the Lipschtz constant is 1. 

We claim that t is an isometry. This is equivalent to the following: For any 
p and q in M\D, 

<L(p,q) = d{i{p),i{q)). 

It also follows from (|2.9j) that D = l(D) has Hausdorff measure and is the 
Gromov-Hausdorff limit of D under the convergence of (M,uig) to (M,d). To 
prove the above claim, we only need to prove: For any p,qG M\D, there is a 
minimizing geodesic 7 C M\D joining p to q. Its proof is based on a relative 
volume comparison estimate due to Gromov f |Gr97j . p 523, (B)). We will 
prove it by contradiction. If no such a geodesic joins p to q, then 

d(p,q) < d u {p,q), 

10 I am indebted to Jian Song for this reference. He seems to be the first of applying such 
an estimate to studying the convergence problem in Kahler geometry. 
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where p = i(p) and q = i(q). Then there is a r > satisfying: 

(1) B r (p,d) fl -D = and B r (q,d) H Z) = 0, where B r {-,d) denotes a geodesic 
ball in (M,d); 

(2) d(x,y) < d u (x,y), where x — l(x) € B r (p,d) and y = € B r (q,d). 

It follows from (1) and (2) that any minimizing geodesic 7 from 5 to y 
intersects with D. By choosing r sufficiently small, we may have 

B r (p,d) = i(B r (p,uj)) and B r (q,d) = i(B r (q,u))). 

Choose a small tubular neighborhood T of D in M whose closure is disjoint from 
both B r (p,Lu) and B r (q,ui). It is easy to see that T can be chosen to have the 
volume of &T as small as we want. Now we choose ps,qs & M and neighborhood 
Tg of D with respect to uig such that in the Gromov-Haudorff convergence, 



It follows 



lim ps — p, lim q§ = q , lim T s = l(T) . 

<5->0+ <5^0+ <5^0+ 



lim Vol(dT 5 ,uis) = Vol(dT 7 uj). 



Also, for 5 sufficiently small, B r (p$, cog), B r (qs, tog) and Tg are mutually disjoint. 
Clearly, any minimizing geodesic jg from any w € B r {pg,L0g) to z £ B r (qg,cog) 
intersects with Tg, so by Gromov's estimate ( |Gr97j . p523, (B)), 

cr 2n < Vol{B r {qg,Lug),Lug) < CVol(dTg,ug), 

where c depends only on j3 and C depends only on /i, n, r. This leads to a 
contradiction because Vol(dTg,ujg) converge to Vol{dT,uj) which can be made 
as small as we want. Thus, t is an isometry and our theorem is proved. 

□ 

Finally, we exam the limit of p Us ,e for any I > 0. 

First we associate a Hermitian norm || • ||q to ojq: For any section a of , 
in local coordinates Z\, ■ ■ ■ , z n , we can write 

. o d 

a = /a" A ••• A — , 

OZl az n 



then 



where uiq = gq dzi A dzj . The curvature form of 1 1 • 1 1 q is u>q . 

Similarly, we can associate a Hermitian norm || • ||| whose curvature is cog. 
Using (|2.5p . we see 



where c' s satishes 



M 



(e h °-^ +c 'i - 1) wj = 0. 
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Then as S — > 0, Hcrmitian norms || • || 2 converge to the Hermitian norm on 



I 2 - p c v II • II 2 
— L II llo> 



where <p is the solution of ()2.1j) and d satishcs: 

e h - v +c> _ 1 ) ,, = {l 



M 



If we denote by || • ||jg the Hermitian norm on K M defined by the volume form 



of ui v , then 



* P \\s\\f-n 



c —an . . 

1/9 II 11/3- 



Theorem 2.7. For anyi' > 0, let <■,■>$ be the inner product on H°(M, ) 
induced by ojs and the Hermitian metric \ \ ■ || 2 on K^ 1 . Then as S tends to 0, 
< •, • >s converge to the corresponding inner product by the Hermitian metric 
|| • || 2 and u>. In particular, when £ is sufficiently large, Pu> e ,t converge to p u ,£. 

Proof. We have seen above that tp$ converges to ip in a Holder continuous norm. 
It follows that the volume forms ui'g converge to ui n in the L p -topology for any 
given p £ (1, (1 — /3) _1 ) and the Hermitian metrics || • || 2 converge to || • || 2 . 
Since the inner products < ■, ■ >$ are defined by these Hermitian metrics and 
volumes forms, the theorem follows easily. □ 



3 An extension of Cheeger-Colding-Tian 

In this section, we show a compactness theorem on conic Kahler-Einstein met- 
rics. This theorem, coupled with the smooth convergence result in the next 
section, extends a result of Cheeger-Colding-Tian CCT95 on smooth Kahler- 
Einstein metrics. In fact, our proof makes use of results in |CCT95j with injec- 
tion of some new technical ingredients. 

Let u)i be a sequence of conic Kahler-Einstein metrics with cone angle 2irf3i 
along D, so we have 

Ric(c^) = fi m + 2tt(1 - [3i)[D], fa = 1 - (1 - ft)A. 

We assume that j3{ > e > and lim = [3^, it follows lim fii = fi^ > 0. 

For each Wj, we use Theorem [22] to get a smooth Kahler metric Qi satisfying: 

Al. Its Kahler class [uii] — 2ira(M); 

A2. Its Ricci curvature Ric(u)j) > [if, 

A3. The Gromov-Hausdorff distance dcH(^i,^i) is less that 1/i. 

By the Gromov compactness theorem, a subsequence of (M, G)ij converges 
to a metric space (Moo,^) in the Gromov-Hausdorff topology. For simplicity, 

11 For simplicity of notations, we do not make explicit the dependence of || ■ ||^ and || ■ || on 
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we may assume that (M, u)j) converges to (Moo,^). It follows from (3) above 
that (M,u>i) also converges to (Moo, doo) in the Gromov-Hausdorff topology. 

Theorem 3.1. There is a closed subset S C Moo of Hausdorff codimension at 
least 2 such that M 00 \5 is a smooth Kdhler manifold and doo is induced by a 
Kdhler- Einstein metric Woo outside S , that is, 

Ric(woc) = /loctdoo on Moo\<S. 

If Poo < 1) then LOi converges to ujoo in the C°° -topology outside S. Moreover, 
if Poo — I,, the set S is of codimension at least 4 and ujoo extends to a smooth 
Kdhler metric on Moo\S. 

This theorem is essentially due to Z.L. Zhang and myself [TZ12] . In this joint 
work, we develop a regularity theory for conic Einstein metrics which generalizes 
the work of Cheeger-Colding and Cheeger-Colding-Tian. Here, for completion 
and convenience, we give an alternative proof by using the approximations from 
last section. 

Proof. Using the fact that (Moo, doo) is the Gromov-Hausdorff limit of (M, u>i), 
we can deduce from |CC95] the existence of tangent cones at every x <E Moo. 
More precisely, given any x € Moo, for any fj i— > 0, by taking a subsequence if 
necessary, (Moo r~ 2 d oa , x) converges to a tangent cone C x at x. Define 1Z to be 
the set of all points x in such that some tangent cone C x is isometric to 
R 2n . 

First we prove that 1Z is open. If fj^ = 1, then lim m = 1. Since 

[u>i] = 2icci(M) and Ric(a)j) > fiiQi, 

by the arguments in the proof of Theorem 6.2 in |TWllj . one can show that 
(M, oji) is a sequence of almost Kahler-Einstein metrics in the sense of |TWllj . 
Then it follows from Theorem 2 in [TWllj that is smooth outside a closed 
subset S of codimension at least 4 and doo is induced by a smooth Kahler- 
Einstein metric on Moo\S. 

Now assume that /?oo < 1. Note that (M,uji) also converge to (Moo, doo) in 
the Gromov-Hausdorff topology. Let {xi} be a sequence of points in M which 
converge to x G 1Z during (M, Wj)'s converging to (Moo, doo). Since x € 1Z, there 
is a tangent cone C x of (Moo, doo) at x which is isometric to R 2n . It follows that 
for any e > 0, there is a r = r(e) such that 

Vol(B r (x,doo)) . - . 
^5 ^ C H - e ' 

where c(n) denotes the volume of the unit ball in R 2 ™. On the other hand, if 
Hi G D, then by the Bishop-Gromov volume comparison, for any f > 0, we have 

VoKB^)) £ c{n) ^ 
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It also follows from the Boshop-Gromov volume comparison that there is an 
iV = N(e) such that for any small f <E (0, r/N) and j/j £ B f {xi, Wj), we have 

i £ < VoljBrjyuLJi)) < 1 + £ 
~~ Vol(B r (xi,Ui)) ~ 

Now we claim that if r = r/N, we have Sf(xi,w<) flfl = 8. If this claim 
is false, say j/^ € Bf(xi,uji) n D, then for i sufficiently large, we can deduce 
from the above and a result of Colding |Co94j on the volume convergence in the 
Gromov-Hausdorff topology 

c(n) _ 2e < VoKBr^)) < (1 + £) VofC^oQ) < c(n)(1 + e) 

Then we get a contradiction if e is chosen sufficiently small. The claim is proved. 

Since B f (xi, u>i) is contained in the smooth part of {M, Wi) and its volume is 
sufficiently close to that of an Euclidean ball, the curvature of o>j is uniformly 
bounded on the half ball i? 3F / 4 (a; i , Wj) (cf. |An90] ) . It follows that Wj restricted 
to Bf:/ 2 {xi,u}i) converge to a smooth Kahler-Einstein metric on B f / 2 (x, d^) and 
Bf/2{ x i d-oa) C.TZ. So 1Z is open and d^ restricted to 1Z is induced by a smooth 
Kahler-Einstein metric Wqq. 

The rest of the proof is standard in view of C CT95] . 

Let Sk (k — 0, 1, • • • , 2n — 1) denote the subset of Afoo consisting of points 
for which no tangent cone splits off a factor, M fe+1 , isometrically. Clearly, So C 
S% C •• • C 52„-i- It is proved by Cheeger-Colding that <S2n-l = 0) dim^ < k 
and 5 = Si n -i- Moreover, if /3oo = 1, it follows from |TW11| that S = S2n-i- 
Then we have proved this theorem. □ 

Using the same arguments in |CCT95j . one can show: 

Theorem 3.2. Let C x be a tangent cone of at x £ S, then we have 

CI. Each C x is regular outside a closed subcone S x of complex codimension at 
least 1. Such a S x is the singular set of C x ; 

C2. C x = C k x C' x , in particular, S 2 k+i — S 2 k- We will denote o the vortex of 
r ■ 

C3. There is a natural Kahler Ricci-flat metric g x whose Kdhler form uj x is 
\f— Tddp x on C X \S X which is also a cone metric, where p x denotes the distance 
function from the vertex of C x ; 

C4. For any x £ S 2n - 2 , C x — C" _1 x C' x , where C' x is a 2-dimensional flat 
cone of angle 2ir£i such that < /3oo < p, < /3oo and (1 — p,) = m(l — /3oo) for 
some integer m > 1, where (3^ depends only on Poq. 

In fact, CI, C2 and C3 follow directly from results in |CCT95j . The proof 
of C4 uses the slicing argument in |CCT95j for proving that S 2n - 2 = in the 
case of smooth Kahler-Einstein metrics. In our new case, the conic singularity 
of LJi along D may contribute a term close to 27r(l — /%) in the slicing argument, 
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this is how we can conclude that C' x is a 2-dimensional flat cone of angle 2np,. 
The bounds on p, follow from the Bishop-Gromov volume comparison. Note 
that /3oo depends only on the diameter and volume of Moo- Hence, there are 
only finitely many of such p,. 

Next we state a corollary of Theorem 12.61 

Lemma 3.3. There is a uniform bound on the Sobolev constants of (M,uii), 
that is, there is a constant C such that for any f 6 C 1 (M, M), 

re — 1 

(7 \f\^) " w ? ^ c I iMi + I/IV?- ( 3A ) 

\Jm J Jm 

Proof. By Theorem l2.6[ for any i, there is a sequence of smooth Kahler metrics 
uiij converging to u>i in the Gromov-Hausdorff topology and Ric(wi j) > fn ujij. 
Since the volume of lj^s is fixed, it is well-known that (|3.1[) holds uniformly for 
ijJi.s- Then the lemma follows by taking <5 — ^ 0. □ 

4 Smooth convergence 

We will adopt the notations from last section, e.g., tOi is a conic Kahler-Einstein 
metric on M with angle 27r/?i along D as before. The main result of this section 
is to show that W{ converge to Wk, outside a close subset of codimension at least 
2. This is crucial for our establishing the partial C°-estimate for conic Kahler- 
Einstein metrics as well as finishing the proof Theorem 11.11 This is related to 
the limit of D when (M, u)i) converges to (Moo, <£<»). If Poo < 1, the limit of 
D is in the singular set S of since tOj converge to uJoo in the C°°-topology 
outside S as shown in last section. The difficulty lies in the case when Poo = 1 • 
By [TWllj . S is of codimension at least 4, so M m is actually smooth outside 
a closed subset of codimension 4. Related results for smooth Kahler-Einstein 
metrics were proved before (cf. CCT95 , |Ch03j ). However, a priori, it is not 
even clear if Wj converge to UJoo hi a stronger topology on any open subset of 
M tx) \iS. The original arguments in CCT95 rely on an argument in [An90 
which works only for smooth metrics. It fails for conic Kahler-Einstein metrics. 
So we need to have a new approach. In the course of proving our main result 
in this section, we also exam the limit of D in Moo- 

First we describe a general and important construction: Given any conic 
metric u> with cone angle 2ir[3 along D, its determinant gives a Hermitian metric 
H on outside D. For simplicity, we will also denote by H the induced 

Hermitian metric on for any I > 0. However, H is singular along D, more 
precisely, if S is a defining section of £>, then it is of the order H'S'll^ 2 '' 1- ^'' along 

.D, where || • ||o is a fixed Hermitian norm. This implies that H(S,S) r H is 
bounded along D, where /i = 1 — (1 — /3)A. On the other hand, there is a unique 
/ such that as currents, 

Ric(w) = [iu + 2tt(1 - f3) [D] + ^/^l^^h, 
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where / is normalized by 

(e h - 1) 0J n 



' M 

Note that h is Holder continuous. Put 

H u {-,-) = et H(S,S)^ H(.,.), 
then as a current, the curvature of H u is equal to 

Ric(w) - — - V^l dd log H(S,S) - ^-ddh = ui. 

[A fl 

Also we normalize H u by scaling S such that 

f H u (S,S)u n = [ H(S,S)t: uj n = 1. 

J M JM 

Such a Hermitian metric H^ is uniquely determined by u> and Z? and called the 
associated Hermitian metric of w. If cj is conic Kahler-Einstein, its associated 
metric ii^ is determined by the volume form w n , e.g., in local holomorphic 
coordinates 24 , • • • , z n , write 

. _ / d d 

lu = v — 1 gq dzi A dzj and S = f I — — A • • • A 



9zi <9,z T 



then fl^ is represented by 



1 2(1-/3) 

det(fl i5 )M / — • 



In particular, it implies that for any a € H°(M, K^f), H u (a,a) is bounded 
along D. 

Now we recall some identities for pluri-anti-canonical sections. 

Lemma 4.1. Let ojj be as above and Hi be the associated Hermitian metric on 
K^} . Then for any a € H°(M, K7,), we have (in the sense of distribution) 

AilWI? = HVtrll? - r^|M|? (4.1) 

and 

Ai||V«7||f - ||V 2 a|| 2 - ((n + 2)* - ^) l|Va|| 2 , (4.2) 

where \\ ■ ||$ denotes the Hermitian norm on induced by Hi = H Ui , V 

denotes the covariant derivative of Hi and Aj denotes the Laplacian ofu>i. 

Proof. On M\D, both fllTTj) and (|4.2p were already derived in |Ti90j by direct 
computations. Since ||cr|| 2 is bounded, (|4.ip holds on M. 

By a direct computation in local coordinates, one can also show that ||Vcr|| 2 
is bounded along D, so (|4.2|) also holds. □ 
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Applying the standard Moser iteration to (|4.1[) and (|4.2p and using Lemma 
13.31 we obtain 

Corollary 4.2. There is a uniform constant C such that for any a € H°(M, K^f), 
we have 

i 

sup (\\a\\i + l~i ||V<r||i) < Cfi lkl|?w?J 2 • (4-3) 
If (Tj is a sequence in H°(M,K^) satisfying: 




then by Corollary 14.21 ||<r*||j and their derivative are uniformly bounded. It 
implies that ||<7j||j are uniformly continuous. Hence, by taking a subsequence if 
necessary, we may assume \\o~i\\i converge to a Lipschtz function as i tends 
to oo, moreover, we have 

/ F 2 uj n = 1. 

J Mao 

In particular, is non-zero. 

Now we assume <Xj = a^S 1 , where a, are constants and S is a defining section 
of D, Then ||<7j||j(x) = if and only if x € D . If F 00 (x) ^ for some 
x E Moo\S, then for a sufficiently small r > 0, we have 

2^(2/) > Foo(x) > 0, VyeBrfaUao). 

This is because i 7 ^ is continuous. This implies 

B r (x,U)oo) C Moo\<S. 

Since \\<Ti\\i converge to Foo uniformly, for % sufficiently large, ||<Jj||j > on 
those geodesic balls B r (xi,L0i) of (M,u>i) which converge to B r (x,uj 00 ) in the 
Gromov-Hausdorff topology. It follows that B r (x i ,u> i ) C M\D, that is, each 
B r (xi,u>i) lies in the smooth part of (M,uii). On the other hand, since x is 
a smooth point of Moo, by choosing smaller r, we can make the volume of 
B r (xi,uJi) sufficiently close to that of corresponding Euclidean ball, then as one 
argued in CC T95] by a result of |An90] . u>i restricted to B r (xi,uji) converge to 
Woo on any compact subset of B r (x, uJoo) in the C°°-topology. Thus, u>i converge 
to Woo in the C°°-topology on the non-empty open subset M oo \F ( ^ 1 (0) U S. 

Next we want to show that -F o ^ 1 (0) does not contain any open subset, or 
equivalently, M oo \F c ^ 1 (0) is an open-dense subset in Moo. We prove it by 
contradiction. If it is false, say U C F _1 (0) is open, using the fact that ||o"j||j 
is uniformly bounded from above, we have 

hm / log(T + |ki||?)a;? = -00. (4.4) 
Jm 1 
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By a direct computation, we have 



/—tot, A 2n w » , iDcJihDa, 



It implies 



A,log(- + > -n. 



Using the Sobolev inequality in Lemma 13.31 and the Moser iteration, we can 
deduce 

sup log(i + < C ( 1 + / log(i + \Wi\\l)u\ 

mi \ Jm * 



where C is a uniform constant. By (|4.4 
lim sup log(- 4 

i-s-oo m i 



nil*) 



However, since the L -norm of \\<7i\\i is equal to 1, there is a constant c inde- 
pendent of i such that 

sup log( T + | |cri| |f ) > -c. 

M I 

This leads to a contradiction. Therefore, M oo \F ( ^ 1 (0) is dense. 

By our definition of the metric Hi associated to cjj, in local holomorphic 
coordinates z\, ■ ■ ■ , z n away from D, we have 



Ml? = ((det(<7 a5 )) A M 2 )^ 



where 



(J = w —— A • • • A — — and uii = \f~^\ V* g aT) dz a A dz b . 
az\ az\ ' 



a,6=l 



Since converge to w^, in the C°°-topology outside S, it follows from the above 
that Oi converge to a holomorphic section on M\F^(0) US^l Clearly, 
is bounded with respect to the Hermitian metric associated to uj^ , so it extends 
to a holomorphic section of KTj on the regular part M\S. 

Next we exam the limit of D under the convergence of [M, ujj). Since | |<Xj||, = 

on D, the limit of D must lie in D^, where denotes the zero set of P^. 
We claim that the limit of D coincides with D qq. If this is not true, there 
are x <E Z?oo and r > such that B2 T (x,d 00 ) n D x is disjoint from the limit 
of D. Choose Xi <E M go to x as (M, uii) converge to (Moo,<ioo), then for 

1 sufficiently large, B r (xi,uji) is disjoint from D, so lies in the smooth part 



12 The singular set S may overlap with -F oo 1 (0) along a subset of complex codimension 1. 
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of (M,LUi). The regularity theory in |CCT95j implies that S H B r (x,doo) is 
of complex codimension at least 2 and near a generic point y € B r (x,doc) fl 
Doo, Coo is holomorphic and defines Doo, moreover, the convergence of (M, uii) 
to (Mocdoo) is in C°°-topology and <Ji converge to Uoo near y , so must 
vanish somewhere in B r (xi,Wi), a contradiction. This shows that the limit of 
Z) coincides with Doo- 

If /3oo = 1, the singular set S is of complex dimension at least 2 and Coo € 
i? (M oo , -ft'Tj ) which consists of all holomorphic sections of XT/ 1 on M oc \ l S. 
Then is simply the divisor {o-qo = 0}. 

Summarizing the above discussions, we have 

Theorem 4.3. Let (M^t^oo), 5 etc. be as in Theorem lff.it Then (M,u>i) 
converge to (Moo.ujoo) in the C°° -topology outside S U Doo for a closed subset 
S of codimension at least 4 and D converges to Doo in the Gromov-Hausdorff 
topolony If firx, < 1, S = iSUDoo. If Poo — 1, S — S and Doo is a divisor of 



5 Partial C -estimate 

In this section, we prove Theorem 11.21 By our results on compactness of conic 
Kahlcr-Einstein metrics in last two sections, we need to prove only the following: 

Theorem 5.1. Let M be a Fano manifold M and D be a smooth divisor whose 
Poincare dual is Xc\{M). Let Ui be a sequence of conic Kahler- Einstein metrics 
on M with conic angle 27r/3 i along D satisfying: 

limft = Poo > and < (1 - (3oo) A < 1. 

We also assume that (M,u>i) converge to a (possibly singular) conic Kahler- 
Einstein manifold (Moo,i-Ooo) o,s described in Theorem \4-3\ Then there are uni- 
form constants — c(fc, n, A, Poo) > for k > 1 and £ a — > oo such that for 

Pu it e > C£ > 0. (5.1) 

For the readers' convenience, we recall the definition of p UJi X- Let Hi be 
the Hermitian metric on associated to uii, then for any orthonormal basis 
{S a }o<a<N of H°(M, K^f) with respect to the inner product induced by Hi 
and LUi, we have 

N 

Pui,t{x) = ^2 Hi(S a ,S a )(x), (5.2) 

We have shown in last section that the defining sections Oi of D normalized 
with respect to Hi converge to a holomorphic section Goo of K^f on M\S 

13 It follows from the partial C°-estimate in the next section that the same holds even if 
0™ < 1. 
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satisfying: In any local coordinates Z\, ■ ■ ■ ,z n outside S, we have 

(det(g ab )) x M 2 < oo (5.3) 

where 

d d 

Coo = w —— A • • ■ A - — and = V-l 9 a b dz a A dz b . 

OZ\ OZ\ 

Define a Hermitian metric Hoc on K^ 1 on M 00 \5 by 

1—3 ~ 

Hoo = Hoodoo, Ooo) K Hoc. (5.4) 

Here denotes the Hermitian metric induced by the determinant of Woo . The 
following can be easily proved. 

Lemma 5.2. The Hermitian metrics Hi converge to Hoc on M 00 \5 in the 
C°° -topology. Moreover, we have 

#oo(a"oo, o-oo) < oo and / H^a^, a^) = 1. 

Let us first specify the holomorphic sections of K^f we will use here. [3 By 
a holomorphic section of K^ e on Moo (i > 0) , we mean a holomorphic section 
a of K^j on M^^S with Hoo(cr, a) bounded. 

We denote by H (Moo,Km ) the space of all holomorphic sections of 
on M. If Moo is smooth outside a closed subset of codimension 4, then it 
coincides with the definition we used in literature. 

Lemma 5.3. For any fixed £ > 0, if {t{\ is any sequence of H°(M, K^f) 
satisfying: 

[ Hiin.n)^ = l, 

J M 

then a subsequence of n converges to a section Too in H n (Moo , K^f ) . 

This follows from the estimate in Corollary 14.21 and standard arguments. It 
implies that p LOi j are uniformly continuous, in particular, they converge to a 
continuous function on Moo- This function is actually equal to p Uoo ,e as shown 
in the end of this section, but we do not need this to prove Theorem 15.11 

Thus, in order to prove Theorem 15.11 we only need to show that for a se- 
quence of £, 

inf inf p Ui ,e(x) > 0. (5.5) 



14 This is needed since Moo may have singularity along a subset <S of complex codimension 
1. However, we will prove later that Moo is actually smooth outside a subset of complex 
codimension at least 2. 
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Since p Uit i are uniformly continuous and Moo is compact, it suffices to show 
that for any x G Moo , there is an £ and sequence x% € M such that lim Xi = x 
and 

inf p Wit i{xi) > 0. (5.6) 

i 

The following lemma provides the L 2 -estimate for 9-operator on (M, uji). It 
can be proved by using the smooth approximations of Wi with Ricci curvature 
bounded from below. 

Lemma 5.4. For any £ > 0, if ( is a (0,l)-form with values in K^f anddC, = 0, 
there is a smooth section i9 of K^f such that dd — C and 




where \ \ ■ ||j denotes the norm induced by Hi and u^. 

We have seen that for any rj i— > 0, by taking a subsequence if necessary, we 
have a tangent cone C x of (Moo, Woo) at x, which is the limit of (M QCJ ,rJ 2 uj OD , x) 
in the Gromov-Hausdorff topology, satisfying: 

Ti. Each C x is regular outside a closed subcone S x of complex codimension at 
least 1. Such a S x is the singular set of C x \ 

T 2 . There is an natural Kahler Ricci-flat metric g x on C X \S X which is also a 
cone metric. Its Kahler form uj x is equal to ddp x on the regular part of 
C x , where p x denotes the distance function from the vertex of C x , denoted by x 
for simplicity. 

We will denote by L x the trivial bundle C x x C over C x equipped with the 
Hermitian metric e _Pa = | • | 2 . The curvature of this Hermitian metric is given by 
oj x - 

As before, we denote by Sk (k = 0, 1, • • • , 2n— 1) the subset of Moo consisting 
of points for which no tangent cone splits off a factor, K fe+1 , isometrically. 
Clearly, So C Si C • • • C S^n-i- It is proved by Cheeger-Colding that c?2n-i = 
0, dimSfc < k and S = 6>2n-2- 

The following lemma can be proved by using the slicing arguments in [CCT95 
and the fact that (Moo, Uoo) is the limit of conic Kahler-Einstein metrics (M, uii) 
with cone angle along 2irf3i along D. 

Lemma 5.5. For any x £ S 2 n-2\\J k<2n -2 S k, if C x = C" _1 x C' x , then g x 
is a product of the Euclidean metric on C" _1 with a flat conic metric on C' x , 
which is biholomorphic to C, of angle 2np a (a = 1, • • • , I), where p = p a is 
given as in Theorem \3. 6 A Moreover, for any x G S C M^ , if S x is of complex 
codimension 1, then there is a closed subcone S x C S x of complex codimension 
at least 2 such that g x is asymptotic to the product metric described above at 
any y £ S X \S X , i.e., a tangent cone of (C x ,g x ) at y is isometric to a product of 
the Euclidean metric on C n_1 with a conic metric on C' x of angle 2np a < 2ir. 
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Remark 5.6. As we said after Theorem \ 3.Sl by the volume comparison, we 
know Poo < Ha < Poo for some Poo depending only on the diameter and volume 
of (-Moo, Woo). However, in our proof, we may assume that Poo > 1 — A -1 + e 
for some e > 0, so Poo can be assume to be uniform. When Poo = 1, all fi a = 1, 
so there is only one. If Poo < 1, since (1 — /i a ) = m a (l — Poo) for some integer 
m a , there is a bound on I as well. In fact, one should be able to prove that there 
is a uniform bound on I depending only on X. 

Without loss of generality, in the following, for each j, we set kj to be the 
integral part of rj 2 . 

Now we fix some notations: For any e > 0, we put 

V(x;e) = {y £ C x \y e B e -i (0,g x ) \ B e (0, g x ), d(y,S x ) > e }, 

where B R (o,g x ) denotes the geodesic ball of (C x ,g x ) centered at the vertex and 
with radius R. 

If C x has isolated singularity, then S x = {o} and 

V(x;e) = {y £ C x \y € £ e -i(0,<? x ) \B e (0,g x ) }. 

Let r~ 2 be th e above sequence such that (Moo, r~ 2 u)oo, x) converges to (C x ,g x ,o). 
By |CCT95j . for any e > 0, whenever i is sufficiently large, there are diffeomor- 
phisms <fij : V(x; e) i-> Moo\5, where S is the singular set of Moo, satisfying: 

(1) d(x, cj)j(V(x; e))) < lOerj and 4>j(V(x; e)) C S(i +£ -i) r (x), where B R {x) the 
geodesic ball of (M m ,w M ) with radius R and center at x; 

(2) If <7oo is the Kahler metric with the Kahler form Woo on Moo\5, then 

lim \\rj 2 (f>*goo- g x \\ C e(v(x^)) = 0, (5.7) 

j— too J J 1" 

where the norm is defined in terms of the metric g x . 

Lemma 5.7. For any 5 sufficiently small, there are a sufficiently large £ = kj 
and an isomorphism ijj from the trivial bundle C x x C onto KTf over V(x; e) 
commuting with <f> = <fij satisfying: 

||V(1)|| 2 = e-"2 and \\^\\ CHV(x , e)) < 6, (5.8) 

where || • || 2 denotes the induced norm on K^f by LOoo, V denotes the covariant 
derivative with respect to the norms \ \ ■ \ \ 2 and e _Px | • | 2 . 

Proof. The arguments of its proof are pretty standard, so we just outline it. We 
cover V(x; e) by finitely many geodesic balls B Sa (y a ) (1 < a < N) satisfying: 

(i) The closure of each B2 Sa {y a ) is strongly convex and contained in Reg(C K );. 

(ii) The half balls B Sa / 2 {y a ) are mutually disjoint. 

Now we choose I — lj sufficiently large and construct ip. 
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First we construct ip a over each B2 Sa (y a )- For any y £ B2 Sa (y a ), let "f y C 
B2s a {ya) be the unique minimizing geodesic from y a to y. We define ip a as 
follows: First we define € L\^r y \ such that 

||^ Q (1)|| 2 = e-rffc"), 
where L = ■ Next, for any y £ U ai where J7 Q = B2 Sa (y a ), define 

V>„ : C i-> L| v , ij> a {a(y)) =r(<t>{y)), 

where a(y) is the parallel transport of 1 along "f y with respect to the norm 
e _Pa = | • | 2 and r((j)(y)) is the parallel transport of -0(1) along (ftojy with respect 
to the norm || • || 2 . 

Clearly, we have the first equation in (I5.8[) . The estimates on derivatives can 
be done as follows: If a : U a h-» U a x C and r : J7 Q n- 0*^1^ are two sections 
such that ijj a (a) — t, then we have the identity: 

Vt = V^ Q (a) + ^a(Va), 

where V denote the covariant derivatives with respect to the given norms on line 
bundles C x x C and L. By the definition, one can easily see that Vtp a (y a ) = 0. 
To estimate V?/> a at y, we differentiate along j y to get 

VtVxt = V T (V x i(a)) + i(V T Vx«), 

where T is the unit tangent of j y and X is a vector field along 7 y with [T, X] = 0. 
Here we have used the fact that Vripa = which follows from the definition. 
Using the curvature formula, we see that it is the same as 

fc0* Woo (T,X)^(a) = V T (VxVUa)) + w x (T,X)a. 

Using the fact that uj x is the limit of k<p*ujoo, we can deduce from the above 
that Vt(Vx V'a(i)) converges to as i tends to oo. Since V xipa = at y a , we 
see that HV^allcfC/a) can be made sufficiently small. The higher derivatives 
can be bounded in a similar way. 

Next we want to modify each tp a . For any a, j3, we set 

ai = -tp^ 1 o ^ 7 : U a n U-y h> S 1 . 

Clearly, we have 

= 9a~f ■ on U a H U 1 H U K , 

so we have a closed cycle {#0,7}- By the derivative estimates on each ip a , we 
know that each 9 aj is close to a constant. Therefore, we can modify ip a 's such 
that each transition function 9 aj is a unit constant, that is, we can construct 
Cq : U a H> S 1 such that if we replace each ip a by ip a ■ ( a , the corresponding 
transition functions are constant. Moreover we can dominate ||VCa||c 3 by the 
norm ||V?/>a||c 3 (possibly) on a slightly larger ball. 
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The cycle {9 ai } of constants gives rise to a flat bundle F, and we have 
constructed an isomorphism 

K lL 

over an neighborhood of V(x; e) satisfying all the estimates in (|5.8[) . 
If we replace £ by k£, we get an analogous isomorphism 

Since the flat bundle F is given by a representation 

there is an k such that F k is essentially trivial, i.e., the corresponding transition 
functions are in a neighborhood of the identity in S 1 . Then we can further 
modify ip a such that 9 ai = 1 for any a and 7. So we can get the required ip 
by setting tp = ip a on V(x; e) n B Sa (x a ). 

In fact, one can show that either of the following conditions holds for : 

(1) There is a tangent cone C x of the form C™ -1 x C' x for a 2-dimensional flat 
cone C' x of angle 27r^t a , where /i a are given in Lemma 15.51 for a = 1, • • • , I; 

(2) There is a closed subcone S x C S x of codimension at least 4 such that for 
every y £ S X \S X , any tangent cone C y of at y is of the form C" -1 x for a 
2-dimensional flat cone C' y of angle 2nfi a , where \i a are given in Lemma 15.51 for 
a = 1, • • • , 2. Moreover, C I \5 2; has hnitc fundamental group of order v > 1. 

Thus we just need to take £ to be a multiple of v such that for a = 1, • • • , /, 
£fi a are sufficiently close to 1 modulo Z in the above construction of ip. Since 
(X a = l — m+m/Soc for some integer, the second condition is the same as requiring 
that iftoo are sufficiently close to 1 modulo Z. □ 

As for smooth Kahler-Einstein metrics, we will apply the L 2 -estimate to 
proving (|5.6[) . consequently, the partial C°-estimate for conic Kahler-Einstein 
metrics. The method is standard and resembles the one we used for Del-Pezzo 
surfaces in Ti89] . First we construct an approximated holomorphic section f on 
Moo, then one can perturb it into a holomorphic section r by the L 2 -estimate for 
(9-operators, finally, one uses the derivative estimate in Corollarv l4.2l to conclude 
that t(x) ^ 0. 

Let e > and 8 > be sufficiently small and be determined later. We 
fix £ to be the integral part of r~ 2 and r = rj for a sufficiently large j which 
may depend on e and S. Choose (f> and i/j by Lemma I57T1 then there is a section 
r = ip(l) of Km on (j>(V{x; e)) satisfying: 




By Lemma \5. 71 for some uniform constant C, we have 

\\8t\\ <CS. 
Now let us state a technical lemma. 
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Lemma 5.8. For any e > 0, there is a smooth function 7, on C x satisfying: 

(1) Je(y) — 1 for any y with d(y , S x ) > e, where d(- , ■) is the distance of (C x , g x ) 

(2) < 7e < 1 and 7 e(y) = Q in an neighborhood of S x ; 

(3) |V7e| < C /or some constant C — C(e) and 



J 



(°,S*) 



Proof. This is rather standard and has been known to me for quite a while. 
This is based on the fact that the Poincare metric on a punctured disc has finite 
volume. 

First we consider the simplest case that S x = C n_1 , i.e., C x is of the form 
C™ -1 x C' x , where C' x is biholomorphic to C. Moreover, the cone metric g x 
coincides with the standard cone metric 

n-1 

9p = ^2 dzidzi + (dp 2 + f3 2 p 2 d6 2 ), 
i=i 

where z%, ■ ■ ■ , z n -i are coordinates of C" _1 and /? is one of p a given in Lemma 
[53] Clearly, p = d(y,S x ). 

We denote by 77 a cut-off function: IkI satisfying: < r\ < 1, \n'(t)\ < 1 
and 

n(t) = for t > log(-log(5 3 ) and rj(t) = 1 for t < log(-log<5). 

Here 5 < 1/3 is to be determined. Now we define as follows: If p(y) > e/3, 
put 7g(y) = 1 and if p(y) < e 

7,(2/) = r^log log' 

Clearly, j s is a smooth function and we have 

le{v) = 1 if p{y) > - and j E (y) = if p(y) < 6 3 e. 

Furthermore, the support of |V7e|(z/) = is contained in the region where 
S 3 e < p(y) < Se. In the region, we have 

|V 7 e| < 



p(-logf)' 
It follows that 



'B-_ 1 (o, Sa; 



I v l£| — -2n-2 / „/ 1 \2 — 



53 r(— logr) 2 e 2n 2 (—\ogd)' 
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where a n -i denotes the volume of the unit ball in R 2n 2 . 

Now choose 8 such that a n _i < e 2n_1 (— log 5), then we have 



/ |V 7£ f < e. 



Clearly, we also have |V7e| < C for some C = C(e). 

In general, as we have shown in Section 3 by using the arguments of |CCT95] , 
S x is a union of 6>° and S x , where S x is a closed subcone and <S° is an open 
subcone of S x which consists of all y € S x such that a tangent cone of (C Xl g x ) at 
y is isometric to C" _1 xC' y with the standard metric gjj, where (1—p) = k(l— /3oo) 
for some integer Furthermore, S x is of complex codimension at least 2. 

We expect the following: 

Ai C x is a variety near S x and 5° is a subvariety. 

This can be proved by establishing a local version of Theorem 15.91 and by 
using the simplest case of Lemma 15.81 We refer the readers to Remark 17.41 for 
more discussions. Now we explain how to derive Lemma 15.81 under Assumption 
Ai. This is intended for illustrating the idea of the proof of Lemma \b . 81 before 
getting too tedious arguments based on known techniques. We will complete the 
proof of Lemma [5~8l by using an analogous, but weaker, version of Assumption 
Ai in Appendix. 

Clearly, Ai implies the following; 

AJ. S x can be written as a union of two subcones S x ,i and S x , 2 such that S x ,2 
is a closed subcone of complex codimension at least 2 and C x is smooth near 
Sx,i which is a smooth divisor. 

For any small eo > 0, since S x .2 has vanishing Hausdorff measure of dimen- 
sion strictly bigger than In — 4, we can find a finite cover of 5^,2 H B E -i(x, g x ) 
by balls B Ta (y a ,g x ) (a = 1,- •• ,1) satisfying: 

(i) y a € S x , 2 and 2r 

(ii) B ra/2 {ya,gx) are mutually disjoint; 

(iii) J2 a r o" -3 < i; 

(iv) The number of overlapping balls i?2r a (ya, gx) is uniformly bounded. 

We denote by fj a cut-off function: R i— » R satisfying: < fj < 1, |?f(t)| < 2 
and 

3 

fj(t) = 1 for t > - and fj(t) = for t < 1. 

Put 

Xa(y) = V f d<yV,ya ^ ) if y G B 2 r a (y a ,9x) and Xa(y) = 1 otherwise. 
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Clearly, Xa = on B ra (y a ,g x ). By (iv), near any y, the number of non- vanishing 
Xa is uniformly bounded by A, so the product function x — Y[ a Xa is smooth 
and vanishes near S x ^2 H B s -i (x, g x ), furthermore, we have 

/ |V X | 2 <<aW |V Xq | 2 < < C so, (5.9) 

JC* a JB ra (p a ,g x ) 

where C is a constant which depends on c and A. 

We still denote by 77 the cut-off function given above. Now we put p(y) = 
d(y,S x> i). Now we define as follows: If p{y) > e/3, put j s (y) = x(y) an d if 
p{y) < e, put 

Te(y) = x(y) v flog (- fog ) ) . (5.10) 



Clearly, 7^ is smooth. If we choose eo and 5 sufficiently small, we have 7e(y) = 1 
for any y with d(y, S x ) > e, also 7^ vanishes in a neighborhood of S x . Further- 
more, by using (|5.9j) . the Fubini theorem and our assumption Ai, we can show 

/ |V7e-| 2 w" < C'U H 

JB r l(«A) V 



log 5/ ' 



where C" is a constant which may depend on e. Then the lemma follows under 
Assumption Ai if eo and 5 are sufficiently small. 

□ 

Now assuming Lemma HTBl we prove the partial C°-estimate. 
First we define rj to be a cut-off function satisfying: 

n(t) = 1 for t < 1, »7(i) = for t > 2 and \r/(t)\ < 1. 

Choose e such that l^(x; e) contains the support of 7^ constructed in Lemma 
15.81 and 7e = 1 on V(x;5o), where So > is determined later. Clearly, we can 
choose e as small as we want if e is sufficiently small. 
We define for any y G V(x; e) 

r(cf>(y)) = 7 7 (2<5 P;c (y))7 ? (2 ( 5p x ( 2/ )- 1 )7 £ -(y)T( ( /)(y)). 

Clearly, f vanishes outside <p(V(x; e)), therefore, it extends to a smooth section 
of K^f on Moo. Furthermore, f satisfies: 

(i) f = r on <j)(V(x;S )); 

(ii) There is an v = u(5, e) such that 

\\df\\ 2 cJ^ < z/r 2 - 2 . 

Note that we can make v as small as we want so long as 8, e and e are sufficiently 
small. 
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Since (M\D,uii) converge to (M oc \S', cJqo) and the Hermitian metrics Hi 
on converge to H^ on M^S in the C°°-topology. Therefore, there are 
diffeomorphisms 

& : A/ oc \5 ^ M\Ti(D) 



and smooth isomorphisms 



over M\Ti(D), where Ti(D) is the set of all points within distance Si from D 
with respect to the metric Ui, where 5% > and lim<5i = 0, satisfying: 

Ci: ^(MooXTg^S)) C M\T S (D), where T Si (S) = {x e \ d^feS) < <5,}; 

C 2 : 7Tj o Fi = <pi o where 7Tj and tTqo are corresponding projections; 

C3: \\<t>*Ui - ^oo\\c 2 (M^\T Si (S)) < 
C 4 : HF* fZj — H D o||c7 4 (M 00 \T 1 (5)) < ^i- 

We may assume that i is sufficiently large so that <p(V(x;e)) C M\Tj(<S). 
Put ^ = Fi(f), then we deduce from the above 

(f) ^ = Fi{r) on ^(0(7(x;io))); 

(ii') For i sufficiently large, we have 

Mi 

where || • ||j denotes the Hermitian norm corresponding to Hi. 

By the L 2 -estimate in Lemma 15.41 we get a section Vi of -K" M such that 

dvi = On 

and 

Moo 1 J Mi 

Here we have used the fact that I is the integral part of r~ 2 . 

Put cr, = fj — Uj, it is a holomorphic section of K^f., By (i) and Lemma 
15.71 the C 4 -norm of dvi on <j>i(cf)(V (x; Sq))) is bounded from above by cS for a 
uniform constant c. By the standard elliptic estimates, we have 



sup IKH 2 < C(S r)- 2n f |H| 2 < < CS^ 

$(<l>(V(x;26 )nBi(o,g x ))) J Mi 



Here C denotes a uniform constant. For any given 60, if S and e are sufficiently 
small, then we can make v such that 

8CV < 6 2 ". 
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Then we can deduce from the above estimates 

lki||i > ||Fi(T)||i - > - on <k(<l>(V(x;6 )nB 1 (o,g x ))). 

On the other hand, by applying the derivative estimate in Corollary 14.21 to <Xj, 
we get 

sup HVcTilli < C'l 2 ^- ( f \\ai\\?u?Y < C'r- 1 . 

Mi \JMi J 

Since the distance d(x,4>(5ou)) is less than lOSor for some u € dB\(p,g x ), if i 
is sufficiently large, we deduce from the above estimates 

IHIi(^) > 1/4,- C So, 

hence, if we choose So such that C'S < 1/8, then p Uu i{xi) > 1/8. Theorem ll.21 
i.e., the partial C°-estimate for conic Kahler-Einstein metrics, is proved. 

As indicated in [Ti09j for smooth Kahler-Einstein metrics, by the arguments 
in the proof of the partial C°-estimate, we can prove the following regularity 
for Moo: 

Theorem 5.9. The Gromov-Hausdorff limit Mx, is a normal variety embedded 
in some CP N and S is a subvariety consisting a divisor and a subvariety 
of complex codimension at least 2. Moreover, Z?oo is the limit of D under the 
Gromov-Hausdorff convergence. 

Proof. For the readers' convenience, we include a proof. Let us recall some 
well-known facts (cf, Ti09 ). For any i and sufficiently large £, we can choose 
an orthonormal basis {cr^t} of H°(M, K^f) with respect to co, and use this to 
define a Kodaira embedding 

fa t t : M ^ CP Ne , where N e + 1 = dim H° (M, K M e ). 

By using the L 2 -estimate for 9-operator, we can find an exhaustion of M oc \S' by 
open subsets V\ C Vi C • • • C Vi C • • • such that fat converge to an embedding 

</W ■ VeCM^ i y CP N *. 

By the partial C°-estimate, there is an integer m > such that for any 
I = mk, fa t converge to an extension of i/>oo,£ on Mx, under the convergence of 
(M, u>i) to (Mqq, Woo). We still denote this extension by 

1>oo4 ■ Moo >-> CP N *' . 

By the estimate in Corollary 14.21 fa t t are uniformly Lipschtz, so ipoo,i is a 
Lipschtz map. 

Claim: is a variety. 

For this, we only need to show that for k > n+1, ipoo,i is a homeomorphism from 
Moo onto its image which is also the limit of complex submanifolds fa^M) C 
CP Nt . 
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By the same arguments as those in proving the partial C°-estimate, for any 
r > 0, there are k(r) and s(k) such that if k > k(r), then for any x,y £ M such 
that di(x, y) > r, where di(-, •) denotes the distance of the metric oji, there is a 
holomorphic section q g H°(M, K^f), where £ = mk, satisfying: 

||«||?w? = 1 and |||«||i(x) - \\a\\i(y)\ > s(k). (5.11) 

M 

The above claim follows from this and the effective finite generation of the 
anti-canonical ring of M as shown in the thesis of Chi Li [Lil2j . For the 
orthonormal basis {o-i, a }o<a<N m of H°(M, K~^™) with respect to uji, by the 
partial C°-estimate and Corollary 14. 21 we have 

N m 

c(m) < IK-II? ^ c ( m ) _1 ' ( 5 ' 12 ) 

a=0 



where c(m) is a uniform constant independent of i. 

r— (n 

l M sreere ais rto, • • • , ftjv„ 



Lemma 5.10. For any I > 1 aradcr € H°(M, K A ,j n+1+l ' >m ), there are ho, ■ ■ ■ ,hj- 



in H° '(M , K jj n+ ^ m ) satisfying: 

S = iZK<Ti, a and f \\h a \$u? < C(m,l) [ (5.13) 

where C(m,l) is a constant depending only on c(m), I and n. 

This can be proved by using the Skoda-Siu estimate, now a standard tech- 
nique (cf. Lil2 . Proposition 7). 

Note that for any x £ and k > 1, we have 

Ctt^^'W) - ^mW-oc,™^))- (5.14) 

Using this and Lemma 15.101 with i — ¥ oo, we get 

^oo 1 m(n+l+0^ oo ' m (™+ 1 + / )( :E ^ - ^oo 1 m(n+l)(' ( / ; oo,m(n+l)(2;))- 

It follows from (|5.11l) that for any x ^ y £ M^, 

i'oo.min+l+l) ( x ) 7^ ' l Poo,m(n+l+l){y) 

if I is sufficiently large. Therefore, we can get 

i)(y)- 

This implies that V'oo,m(7i+i) 1S a homeomorphism, so Moo is a variety. 



15 As I advocated in many occasions before (cf. |Ti09| ), the partial C°-estimate corresponds 
to an effective version of the finite generation of the anti-canonical ring. Chi Li showed 
precisely in |Lil2| how this works. 
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There is another way of proving that ipoa,mk is a homeomorphism for k 
sufficiently large. By (|5.14[) . the composition ipoo,m • i^Zomk 1S a well-defined 
map from the variety Y m k onto Y m , where 

Y mk = lim VWfc(M) C CP*"**, Y m = lim ip i>m (M) C CP N ™. 

i— >oo i— yoo 

Moreover, this map is also the limit of holomorphic maps ipi,m • V^mfe' so it 
is a holomorphic map. Since V'oo.m restricted to V m is an embedding for m 
sufficiently large, we know that ^oo,mfe(V'^ 1 m(- z )) is either a point or a connected 
subvariety in the complex limit space Y m k- The second case can be ruled out 
by using the fact that there is a bounded function u such that 

—r^Fs\Y mk = — (^oo,m-^] mk T(^Fs\Y m ) + V~lddu, 

lllrti III 

where u>fs always denotes the Fubini-Study metric. 

Next we prove that Moo is normal. This means that M 00 \S I is locally con- 
nected. If Poo = 1, it is trivially true since the singular set of Moo is of complex 
codimension at least 2. So we may assume /3oo < 1. There are several ap- 
proaches. One can use a local version of the Cheeger-Gromoll splitting theorem 
(cf. |An90 ) . One can also generalize the arguments I had in Ti89 or use the 
Cheeger-Colding theory. 

Before we prove the normality of Moo, we make a remark: By Corollary 
14.21 and the partial C°-estimate, log p m ,m converge to a uniformly continuous 
function log p'^ rn on M^. This implies that Woo is the curvature of a continuous 
Hermitian metric on K^f , so 1 1 • 1 1 oo is a continuous Hermitian metric on 
even when /Joo < 1. Therefore, the defining section <ii of D normalized by ui{ 
converge to a holomorphic section aoo of . Clearly, the singular set S of 
(Moo, Woo) is the divisor Doo defined by <7oo possibly plus a closed subset 52«-4 
of complex codimension at least 2. 

Therefore, if Moo is not normal, then MxA-Dqo is not locally connected near 
a point, say x, in Doo- Since x G <S\<S2n-4, there is a tangent cone C x of Moo at x 
of the form C" _1 x C' x , where C' x is a 2-dimensional flat cone of angle 2tt(3, where 
(1 — ft) — k(l — /?oo)- However, C X \S X is connected, so M^D^ is connected 
near x, a contradiction. Therefore, M^o must be normal. 

Note that the normality also follows from a result of Colding-Naber who 
proved the convexity of MxA<S. 

□ 

Of course, one can further analyze the finer asymptotic structure of Woo along 
Doo- By the partial C°-estimate and Corollary 14.21 we have 

Woo > Clple ^UJFs), 

where I = mk and c is some positive constant. Using this, when /3oo < 1, one 
can show that Woo is a conic Kahlcr-Einstein metric with conic angle 27r/3 along 
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D oo in a weaker sense, where (1 — ft) = k(l — /?oo0- It is an interesting problem 
to examine the precise behavior of w m along D^. 
The following theorem may be useful in the future. 

Theorem 5.11. For each £ > 0, let{ai ta } be an orthonormal basis of H°(M, K^f). 
Then by taking a subsequence if necessary, {o~i t(x } converge to an orthonormal 
basis {coo,a} of H° ( , ). In particular, it implies that H Q {M OQl K^j ) 
is of finite dimension and p Ui ,£ converge to Pua^e as i tends to oo. 

Proof. The arguments appeared before (cf. |Ti09j ) and are based on the L 2 - 
estimate for the 9-operator. In view of Lemma 15.31 it suffices to prove that 
any r in H° (Moo , K^f ) with its L 2 -norm being one is a limit of a sequence 
Ti G H°(M, K^f). We will adopt the notations in establishing of the partial 
C°- estimate, particularly, C1-C4. 

The following lemma is an analogue of Lemma 15.81 It is easy to prove by 
using Theorem 15.91 

Lemma 5.12. For any e > 0, there is a smooth function 7 £ on satisfying: 

(1) 7 e (a;) = 1 for any x with dooiXjS) > e; 

(2) < 7e < 1 and J e (x) — in an neighborhood of S; 

(3) |V7e| < C for some constant C — C(e) and 

[ |V 7e | 2 ^ < e. 

J Mac 

For each i and e G (0, 1), define 

Ux) = F*{ lt r){x), 
Then £ e is a smooth section of K^f satisfying: 

(1) £ e {%) = in an neighborhood of S; 

(2) put Ce = then 

/ ||C e ||Vr<2/ ||d(F*r)|| 2 < + Cesnp\\r\\l , (5.15) 

JM JM Moo 

where C is a uniform constant. 

Let 5i be given in C1-C4. Then there are ti with lime* = such that r y ei 
in the above lemma vanishes in an neighborhood of the closure of Tg i (S). Put 
£j = £ ei and Q — Ce 4 > then it follows from (|5 . 1 5[) that 

lim / I |Ci|| 2 w? = 0. (5.16) 



The integer k may vary on different connected components of D, 
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Applying Lemma [5^1 to Q, we get #j such that dfy = Q and 

/ Willi"? < TT- I HCill?"? o. 

On the other hand, Q = By the construction of we can easily show that 
& converge to r in the C°°-topology outside 5 and 

lim / I&IM = / > 0. 

Then tj = £i — i?» defines a holomorphic section of if M which converges to r 
in the L 2 -topology. By the standard elliptic estimates, we can easily show that 
n converge to r in the C°°-topology outside S. This proves Theorem 15. Ill □ 



6 Proving Theorem 11.11 

In this section, we complete the proof of Theorem ll.il i.e., if a Fano manifolds 
M is K-stable, then it admits a Kahler-Einstein metric. In fact, as I pointed 
out in describing my program on the existence of Kahler-Einstein metrics, the 
reduction of Theorem 11.11 from the partial C°-estimate had been known to me 
for long. 

As explained in the introduction, in order to prove Theorem ll.il we only need 
to establish the C°-estimate for the solutions of the complex Monge- Ampere 
equations for f3 > 1 — A -1 : 

(up + V^ldB^Y 1 = e h ^u^, (6.1) 

where up is a suitable family of conic Kahler metrics with [up] = 2nci(M) and 
cone angle 2ir(3 along D and hp is determined by 

Ric(^) = fxu + 2tt(1 - f3)[D] + s/^lddhp and / {e h ? - l)u$ ==0. 

Jm 

By the discussed in the introduction, we know that there is a non-empty and 
maximal interval E = (1 — A -1 ,/?) for some (3 G (1 — A -1 , 1) or (1 — A -1 , 1] 
such that (|6.ip has a solution ipp for any f3 g E. Actually, such a solution 
tpp is unique, so {ipp} is a continuous family on M and smooth outside Dp^l 
If 1 e E, we already have Theorem 11.11 and nothing more needs to be done. 
Hence, we may assume that E = (1 — A -1 , 0) for some j3 < 1, we will derive a 
contradiction. By our assumption and the results in IJMRllj . ||y^||c° diverge 
to oo as j3 tends to /3. We will show that it contradicts to the K-stability of M. 
Now let us recall the definition of the K-stability. I will use the original one from 

17 Our program was originally proposed for the Aubin continuity method, but it works for 
the new Donaldson-Li-Sun continuity method in an identical way. 

18 In fact, one can use prove this continuity and smoothness directly by using the Inverse 
Function Theorem as we argued for the openness of E. 
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|Ti97| which is directly related to our program of establishing the existence of 
Kahler-Einstein metrics through the continuity method. 

First we recall the definition of the Futaki invariant |Fu83 : Let Mo be any 
Fano manifold and w be a Kahler metric with C\{M) as its Kahler class, for any 
holomorphic vector field X on Mo, Futaki defined 

f Mo (X) = f X(h u )uj n , (6.2) 

J M 

where Ric(w) — uj = —\ddh u . Futaki proved in |Fu83j that /m(X) is in- 
dependent of the choice of w, so it is a holomorphic invariant. In DT92], the 
Futaki invariant was extended to normal Fano varieties. The extension is based 
on the following reformulation: 

f Mo (X) = -n [ 9 X (RicH - u) A u n ~ l , (6.3) 

JM 

where ix& — \f— 1 08 x- 

Now let M be a Fano manifold M. By the Kodaira embedding theorem, for 
£ sufficiently large, any basis of H°(M, ) gives an embedding 

fa-.M^ CP N , 

where N = dime H°(M, K^f) — 1. Any other basis gives an embedding of the 
form a o fa, where a € G = SL(7V + 1, C). 

For any algebraic subgroup Go = {cr(£)} te c* of SL(7V + 1,C), there is a 
unique limiting cycle 

M = ]ima(t)(M) C CP N . 
t— >o 

Let X be the holomorphic vector field whose real part generates the action by 
o{e~ s ). By DT92 , if Mo is normal, there is a generalized Futaki invariant 
f Mo (X) defined by . 

Now we can introduce the K-stability from |Ti97) . 

Definition 6.1. We say that M is K-stable with respect to K7f if /m (X) > 
for any Go C SL(A r + 1) with a normal M and the equality holds if and only if 
M is biholomorphic to M . We say that M is K-stable if it is K-stable for all 
sufficiently large £. 

There are other formulations of the K-stability by S. Donaldson in [Do02 
and S. Paul in [Pa08] . 
It was proved in [TT97] 

Theorem 6.2. Let M be a Fano manifold without non-trivial holomorphic vec- 
tor fields and which admits a Kahler-Einstein metric. Then M is K-stable. 

Now we return to our Fano manifold M in Theorem 11.11 and those solutions 
(fi/3 (/3 € E) as above. In order to get a contradiction, we need to produce only 
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a normal Fano variety Mq as in Definition 16.11 and with non-positive Futaki 
invariant. 

Let {Pi} be a sequence with lim/3j = j3. Write <p+ = ipp i . If sup M ipi is 
uniformly bounded, by the Harnack-type estimate in Theorem in [JMRllj . the 
C°-norm of ipi is uniformly bounded. So, by JMR11 again, ipi converge to a 
solution of (16. ip for f3 = (3. A contradiction! Therefore, we have 

lim swptfii — oo. 

i~¥oo M 

We will fix such a sequence {f3i} and write 

uji = lj + y—ldd(pi. 

Then co; is a conic Kahler-Einstein metric on M with cone angle 2irfti along D. 
By taking a subsequence of necessary, we may assume that (M,D,uji) converge 
to (Mqo, Doo, cdao) in the Gromov-Hausdorff topology. By Theorem 15.91 M x is 
a normal subvariety in some projective space CP N and u>oo is a smooth Kahler- 
Einstein metric outside a divisor and the singular set S of Moo We will 
identify Moo with its image in <CP N by an embedding defined by a basis {Soo,a} 
of i? (M oo , ifjj^ ), in fact, such a basis {Soo,a} is orthonormal with respect to 
the inner product on H°(Moo, ) by (Jqo. 

Similarly, we embed M by orthonormal bases of H°(M, K7f) with respect 
to LUi. All these embeddings differ by transformations in G. On the other 
hand, by taking a subsequence if necessary, we may assume that those or- 
thonormal bases of H°(M, K^f) converge to the orthonormal basis {6*00,0} of 
H°(Moo,K~^ ) under the convergence of (M, D,u)i) to (M^, D x , w^). It im- 
plies that (Moo, Doc) lies in the closure of the orbit of (M,D) under the group 
action of G = SL(iV + 1, C) on CP N . Then one can deduce from some general 
facts in algebraic geo metry that the stabilizer Goo of Moo in G contains a holo- 
morphic subgroupo We need to prove that it contains a C*-subgroup. Then, 
using the Kahler-Einstein metric u>oo > one can show that the generalized Futaki 
invariant is not positive. This contradicts to the K-stability. 

Lemma 6.3. The Lie algebra 7700 of Goo is reductive. 

Proof. The arguments are standard. Let X G 7700, i.e., a holomorphic vector 
field on CP N which is tangent to Moo, then there is a smooth function 9 such 
that ix^FS — iV—106. We have 

iujoo = 0Jfs\m„ + V-lddp Uoot i. 

It follows 

«xWoo = V^T<96>oo, where 6>oo = + jX(p Uooi t). 

19 We have seen in last section that tJoo has locally continuous potentials. 

20 For the Aubin continuity, one can show by geometric analytic arguments that admits 
a C*-action. One should be able to extend this method to the continuity method proposed 
by Donaldson et al. 
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It is a fact that X generates a C*-action if and only if it is a complexication 
of a Killing field. Therefore, if we normalize X by multiplication by a complex 
number such that sup Moo #oo = 1, we want to show that the imaginary part of 
X is Killing. The standard computations show that if f?oo is normalized by 

/ = 0, 

J Moo 

then 

= on M^XDoo U S, 

where Aoo denotes the Laplacian of Woo and /ioo = 1 — (1 — /3)A. On the other 
hand, by using our estimates on p Uoot £ and the Bochner identity, we can show 
that Ooo is Lipschtz continuous, thus it extends to an eigenfunction of A m , so 
do its real and imaginary parts. It follows from the standard arguments that 
the imaginary part of #oo induces a Killing field. Then the lemma is proved. □ 

As observed in [Doll] and |Lillj ) , by using the same arguments as in |Fu83j , 
one can define the Futaki invariant /m^m— p)Dao {X), b ^ so referred as the log- 
Futaki invariant, for conic Kahler metrics on M x with cone angle 2tt/3 along 
Doc (ft G (0, 1)). Furthermore, if there is a conic Kahler-Einstein metric with 
angle 2nft along -Dec, the log-Futaki fM 00 ,(i-/3)D 00 vanishes. In our case, though 
LOoo may not be smooth along _Doo even in the conic sense, using the Lipschtz 
continuity of 6*00, one can still prove the vanishing of fMoa,0--P)Dac(X) by ^he 
same arguments as in the smooth case. Then the Futaki invariant (X) < 0. 
This can be derived by using the formula (cf. [LiTT] . [SuTTj li 51 ! 

= /Awr-^PO = W*) + C 1 - P) [ 9 °° dn2n ~ 2 > 

where dH 2n ~ 2 denotes the (2n-2)-dimensional Hausdorff measure on in- 
duced by Wqo. To see this, we first observe that fM oo ,( 1 -0i) D °° C^O ^ ^ ^ or some 
/3\ G (1 — A _1 ,/3), e.g., if it is sufficiently close to 1 — A -1 because there is a 
corresponding conic Kahler-Einstein metric with angle 2nfti , on the other hand, 
because of the linearity, we have 

(P ~ Pi) f Moo (X) = (l-ft)/j|, OB1 (l- i B)D oo P0 - (l-/>)k,(l-ft)D.(4 

hence, f Mao (X) < 0. 

On the other hand, by our assumption that M is K-stable, since Moo is not 
biholomorphic to M, 

f Moo (x)>o. 

This is a contradiction! Therefore, ipp are uniformly bounded and consequently, 
ft G E, so E is closed and Theorem 1 1.1 1 is proved. 

There is another way of finishing the proof of Theorem II .11 by using the CM- 
stability introduced in !Ti97 . The CM-stability can be regarded as a geometric 

21 Chi Li pointing out that this formula first appeared in [Doll]. I thank him for this as 
well as some other inputs on log-Futaki invariants. 
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invariant theoretic version of the K-stability. It follows from |PT06j and |Pa08j 
that the CM-stability is equivalent to the K-stability. In the following, we 
outline this alternative proof of Theorem 11.11 

Let us recall the CM-stability. We fix an embedding M C CP N by K M l 
as above. Let tt : X v-^ Z be the universal family of n-dimensional normal 
varieties F^l in <CP N with the same Hilbert polynomial as that of M. Clearly, 
G = SL(iV + 1) acts both X and Z such that tt is equivariant. 

Consider the virtual bundle 

£ = (n + 1)(/C - KT 1 )^ - C~ x ) n - n{C - C~ l ) n+1 , 

where K — Kx ® KT, 1 is the relative canonical bundle and L is the pull-buck 
of the hyperplane line bundle on CP N . 

Let L be the determinant line bundle det(£ , tt). Clearly, G acts naturally on 
the total space of L. 

Definition 6.4. Let z = tt{M) and z be a non-zero lifting of z in the total 
space of L. We call M CM-stable with respect to K^f if the orbit G ■ z in the 
total space of L is closed and the stabilizer G z of z is finite. We call M CM- 
semistable if is not in the closure of G ■ z. We call M CM-stable if it does 
with respect to all sufficiently large t. 

Now we fix M, Moo, £ as above. Given any a € G, there is an induced 
Kahlcr potential ip a 

jO-*ll> fs = ujq + yf^lddtpa. 
Define a functional on the orbit G ■ z: 

Fi(tr) = F^ofaO. 
Then we have the following ( |Ti97] . Theorem 8.10) 

Theorem 6.5. The functional Fn is proper on G ■ z C Z if and only if M is 
CM-stable with respect to . 

By our discussions in Section 3, we can show that F WOi/J restricted to G ■ z 
is proper for any /i € (0,1]. Combining this properness with the partial C°- 
estimate, we can bound the C°-norm of ipp in a uniform way. Then it follows 
from [JMR1L that E is closed. Therefore, we have proved 

Theorem 6.6. Let M be a Fano manifold without non-trivial holomorphc fields, 
then M admits a Kdhler- Einstein metric if and only if M is CM-stable. 

In view of [PT06] and (Pa08j , particularly Theorem D in [Pa08] , this implies 
Theorem 11.11 

22 Normality is not needed, but we assume this for simplicity. Also by |LX11| , this assump- 
tion does not put any constraints on our results. 
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7 Appendix: The proof of Lemma 15.81 



In this appendix, we complete the proof of Lemma 15.81 We will adopt the 
notations in Section 5, particularly, in the proof of those special cases of Lemma 
15.81 The arguments of our proof are based on known techniques, though tedious. 
Note that if ftoo = 1, then there is nothing to be proved since the singular set 
S x is of complex dimension at least 2. So we may assume that /3oo < 1. In this 
case, S x has a decomposition into S° and S x as before, and for any y £ <S°, 
there is a tangent cone of C x at y of the form C™ -1 x C' y for which Lemma [5?8l 
has been proved. 

Fix any y G S x C C x , we have a tangent cone of the form C" _1 x C' y at 
y, where C' y denotes the standard 2-dimensional cone with angle 2ir/3, where 
/3 = jUo is given as in Lemma [5.51 and satisfies (1 — j3) = fc(l — j3 oo) for some 
integer k. 

There are Xi G M and r.i > such that (M,r~ 2 0Ji,Xi) converge to the cone 
{C x , g x , o) in the Gromov-Hausdorff topology and smooth topology outside the 
singular set S Xl in particular, there are diffcomorphisms 

~4> t :V{x-5i) i— > M\T Si (D), 

where Ts t (D) is the set of all points within distance Si from D with respect to 
the metric uii and lim Si = 0, satisfying: 

\\ r i 2 4>*Ui - Ux\\c 2 (V(x;8i)) < Si- 

Furthermore, we may assume 

Bs^.(xi,u}i)\Ts i (D) cMV(x;S l )). 

Without loss of generality, we may assume that li — r~ 2 are integers and Lemma 
15.71 holds for such £,'s. 

Note that there is a tangent cone of the form C n_1 x C' y with the standard 
cone metric gs in the proof of Lemma l5.8l The singular set of this tangent cone 
is C™ -1 x {0}. Therefore, there are integers kj — sj 2 such that (C x , kjg x ,y) 
converge to (C ,l_1 x C yl gp,o) in the Gromov-Hausdorff topology and smooth 
topology outside the singular set. This implies that there are diffeomorphisms 

i}j : Uj n- C X \S X 

satisfying: 
where 

V j - {(z\ z n ) e C"- 1 x C' y | \z'\ < 9, - < \z n f < 9 }. 
We may also have 

B 9sj (y,g x )\Tz(S x ) C^(Uj). 
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Combining these, we see that for any e > 0, there are j e and i e such that for 
any j > je and i > i e) the compositions 

4>i ■ tij : Uj i ^ M\D 

satisfying: 

B( 9 _ e);j3ri (a;i,Wi)\T5 i (L») C ^i{"&j{Uj)) C -Bi 3Sj . n (x{, Wj) 

and 

Furthermore, by using the above arguments in establishing the partial C°- 
estimate, given any finitely many holomorphic functions fb (b — 0, 1, ••• ,m) 
with 



/, 



„ |z'| 2 + | i „| 2 ' 3 

\M 2 e- 2 lo- = 1, 

l xC:' 



where ajg is the Kahler form of g^, we can construct holomorphic sections S% j 
of K-Jf 3 ^ over M such that 

sup K^nsD - f b \ < e -, 

where tpij is the isomorphism constructed by Lemma 15.51 over Uj. By Corollary 
14.21 for some uniform constant C, we have 

IIVS^Hi < c. 

Now we take /o to be a positive constant function, then S9 . is almost a positive 
constant on <f>i{$j(Uj)) which contains Bs Sjri (xi 1 LUi). Then by rechoosing j e 
and ie if necessary, we can deduce from the properties of Sj-j : 

1. B8 Sjri (xi,Ui) is contained in some C N , where N' may depend on 

2. There is a holomorphic map i 7 "™ : <j)i(dj(Uj)) ^ C m , where 

/ S}j{x) S™Jx)\ 



FT 



\ S it j(x) S i j(x) 
satisfying: 



0<^(*)))- ^ (z) 



< e, Vz e f/j 



We choose m > n and /i = z\, ■ ■ ■ , f n — z n . It follows from the above that Ffj 
is a biholomorphic map from each <j>i{$j{Uj)) onto its image which contains a 
ball of radius close to 8 in the cone C™ -1 x C' . We will abbreviate F™- by Fi 
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For e sufficiently small and i sufficiently large, when restricted to B 8sjri (xi , Wj), 
the map F£j is one-to-one on outside a small tubular neighborhood of S x . Then 
by using the above 1 and 2, one can see that each Fij is a biholomorphic map 
from Bg Sjri (xi,u>i) onto its image which contains the following set 

U; = {(z',z n ) € C"- 1 xC;| ,J\z'\* + \z n \W <8-e}. 
It follows from the above derivative estimate on „ that 

sup \dF%\ Ut < C m {s 3 n)'\ 

Bs Sjri (xi,u)i) 

where C m is a constant independent of i and j. This is equivalent to 

w < C m (sj r^ 2 ^, (7.1) 

where ujq denotes the Euclidean metric on C m . A consequence of this is that by 
taking a subsequence if necessary, as i goes to oo, we get a limiting map 

F^ tj :B 8sj (y,g x ) ^ C m . 

Moreover, its image is the subvariety V™ C C m which coincides with the limit 
of FJ T j(Bs Sjri (xi,LUi)). Such a limit exists because of the well-known Bishop 
theorem in complex analysis and the following volume bound: 



L 



VOlQg^r,^,^)) 
i; L'm ; r^z i <-^™ 



°~ m fen) 2 " 



The last one follows from the volume comparison. 

Next we show that for j sufficiently large, Fij(D n Br Sjn (xi,LJi)) converge 
to a local divisor D" C C™. Again it is a corollary of the Bishop theorem, for 
this purpose, it suffices to bound the volume of Fij(D n Bj Sjri (xi,uji)). Since 
(C x ,s~ 2 g x ,y) converge to the standard cone C n_1 x C' y with the standard metric 
gp, for j, i sufficiently large, the image of D n B 8Sjri {xi,Wi) under the map Fij 
lies in a tubular neighborhood: 

T 8 , e = {{z',z n )\\z'\ < 8,\z n \ < e}. 

On the other hand, using the slicing argument as that in |CCT95j . one can 
show that for each fixed z' with \z'\ < 7.5, the line segment {(V, z n ) \ \z n \ < 6} 
intersects with Fij(D n B 8s . ri (xi,uJi)) at k points (counted with multiplicity), 
where (1-0) = A(l-/3 00 )/ 

It is now easy to bound the volume of Fij(DC\B>r s . ri (a;,, w,)): Let 77 : R. K. 
be a cut-off function such that fj(t) = 1 for t < 7.3, fj(t) = for t > 7.8 and 
I if I < 2, then the volume of Fij(D n B7 Sjri (xi,uji)) is bounded from above by 

/ fjQz'DioJo+V^ldBlz^r- 1 

JF i<j (DnB Ss . r .(x i ,u, i )) 

< I ^+\z n \^f,'){\z'\)^- 1 < 3fc8 2 ". (7.2) 

JFi,j(DnB SS:jT ..{xi,u}i)) 
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One can easily see that F oc j(S x H Br Sj (y, g x )) coincides with £)". o We 
can also prove that for any m > n, F™(D n Bi Sjri (xi,uji)) converge to a local 
divisor Df C VJ n C C m . 

For convenience, we summarize the above as follows with one extra property. 

Lemma 7.1. For any e > small, there is a j e such that for any j > j e , the 
Lipschtz map F^j maps to Bj Sj (y, g x )) into B-? +e (o, ag) satisfying: 

(1) Its image contains i?7_ e (o, g^); 

(2) F oc j(S x H B-j Sj (y, g x )) is a local divisor DJ which is contained in a tubular 
neighborhood Tg ie ; 

(3) For any 8 > 0, there is an e' = e'(S) such that F~^.(T 6je /) C T 5 (S X ) H 

B (6+e) S:l (y,9x)- 

Proof. I have shown the validity of (1) and (2). For (3), we can prove by contra- 
diction. If not true, then F^-iV- 1 H B e . 5 (o,gp)) has at least two distinct com- 
ponents, one lies in iS^ while another is not. This implies that for i sufficiently 
large, the pre-image F^- (Fij(D) n B 6 . 5 (o,gp) has at least two components, 
which contradicts to the fact that Fij is one-to-one on Bj s . ri (xj, Wj). □ 

Next we observe: For i,j sufficiently large, there are uniformly bounded 
functions ifij on B^ s . Ti {xi,u3i) satisfying: 

{s J r i )' 2 uj l = \^iddip it j on Bg^fx;, w,-)- (7.3) 

This is because of the almost constancy of Sfj. A consequence of this obser- 
vation is that the volume of D n Bj s , ri (xi,uii) with respect to (sjri)~ 2 uii is 
uniformly bounded. In fact, we can prove more. 

Lemma 7.2. We adopt the notations above. Assume that (1) £ : K t— > [0, 1] 
is a smooth function with £(f) = 1 for any t > 8e and (2) f is a holomorphic 
function on F 00 j(B7 Sj (y, g x )) such that \f(z',z n )\ > \z n \ whenever \z n \ > 8e. 
Then there is a uniform constant C such that 

2—2,1! I \ / i r: .|2 .» ■ n I • ~ -u. • :>i • 



sf 2n / Mh-F^JlZ w£ <C V^ldhAdhA^ 



n-1 



where h(z',z n ) = £ • \f\ 2 (z\z n ) and luq denotes the Euclidean metric on C 

Proof. It suffices to prove the corresponding inequality for each Fij and then 
let i go to oo. As above, let fj : R >-> R be a cut-off function such that 77(f) = 1 
for t < 6.3, 77(f) = for f > 6.8, \fj'\ < 2 and |f/'| < 4, then we have 

V^lddfjQz'l) < 12 wo, 



3 Here we use the fact that the limit of D coincides with S x modulo a subset of Haus- 
dorff codimension at least 4 under the Gromov-Hausdorff convergence of (M,r~ 2 uii,Xi) to 
(Cx,oj x ,o). Clearly, the limit lies in S x - On the other hand, by ICCT95 I, there is no singular 
point of C x outside the limit of D for which there is a tangent cone of type C n_1 X C' y . 
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moreover, ^(|z'|)|d/i| 2 vanishes near the boundary of Fi t j{Bi Sjri {xi,uii)). By the 
definition of h, we also have 

dh A ddh = 0. 
Using these facts and integration by parts, we can deduce 

(^r 2 - / V (w\)\v(h-F hJ )\i^ 

J B 7B . r .{x u u,i) 

r,{\z'\)V^ldhAdh A {V^ldd&ij-Fr 1 ))™- 1 

f i ,j-(B 7a . r . 4 (a 4 ,Wi)) 

.n-1 



< C / V-ldhAdhA^- L . (7.4) 

Then the lemma follows. 

□ 

Now we can complete the proof of Lemma 15.81 The arguments are simi- 
lar to those of the proof for the case with Assumption Ai. For the readers' 
convenience, we repeat some of them here. 

For any small eo > 0, since S x has vanishing Hausdorff measure of dimension 
strictly bigger than 2n — 4, we can find a finite cover of S x D B s -i (x, g x ) by balls 
Br a (y a ,gx) (a = 1, ••• ,0 satisfying: 

(i) y a € S x and 2r a < e ; 

(ii) B ra/2 (y a ,g x ) are mutually disjoint; 

(iii) 2~2 a r a"~ 3 < 1; 

(iv) The number of overlapping balls Bi Ta (ya, gx) is uniformly bounded. 

We denote by fj a cut-off function: K R satisfying: < 77 < 1, |ff(t)| < 2 
and 

77(f) = 1 for t > 1.6 and fj(t) = for < < 1.1. 
As before, we set x — Yl a "X-ai where 

Xa{y) = V (^ d ^ Va ^ if y G B 2ra {y a ,gx) and Xa{y) = 1 otherwise. 

Then x vanishes on the closure of B = U a B ra (y ai g x ) which contains S x n 
B^-i (x, g x ), furthermore, x satisfies 

/ |V X | 2 < < Ceo, (7.5) 

where C is a uniform constant. 
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There is a finite cover of S x n B g -i(x,g x )\B by balls B esb (yt, g x ) for which 
Lemma [7711 holds (b = 1, • • • , N). We may assume that the number of overlap- 
ping balls Be Sb (yb, g x ) is bounded. Choose smooth functions {£;,} associated to 
the cover {B 6Sb (y b , g x )} satisfying: 

(1) < ( b < 1; 

(2) supp(Cb) is contained in B 6sb (y b , g x ); 

( 3 ) Lb Cfc = 1 ne ar S x n B s -i(x, g x )\B. 

Therefore, {Cb}, 1 ~ X^Cfc form a partition of unit for the cover {Bq SIj (?/{,, g x )} 
and B i -i(x 1 g x ). 

As before, we denote by r] a cut-off function: R h-> K satisfying: < 77 < 1, 
|7 ? '(i)| < 1 and 

rj{t) — for t > log(-log<5 3 ) and 77(f) = 1 for t < log(— log 5). 

For each b, by Lemma [77X1 there is a divisor _D£ l C B 6 (0,g^ b ), where (1 — 0b) = 
k b (l — Poo)- Choose a local defining function /& of Djf satisfying (2) in Lemma 
17.21 We define a function je,b on Be(o,g x ) as follows: If |/&|(y) > e/3, put 
7e,b(y) = 1 and if \h\(y) < e, put 

7,^)=. (log (-log (»)))). (7.6) 

Then we put 

iM = x(y) (1 - E + E ^(y))- (7-7) 

6 b 

Clearly, 7^ is smooth. If we choose eo an d 8 sufficiently small, we have Je(y) = 1 
for any y with d(jj, S x ) > e, also 7^ vanishes in a neighborhood of 5^. Further- 
more, by using (17. 5p . Lemma 1 7. II and Lemma l7.2| we can also show 

/ |V 7? | 2 ^ < e. 

Thus, the proof of Lemma [5751 is completed. 

There are other ways of completing the proof of Lemma l5.8l One is to verify 
Assumption Ai (cf. Remark 17.41 Another is to estimate the volume of tubular 
neighborhood of S x . Let us outline it in the following. 

For any small eo > 0, we can find a finite cover of S x l~l B E -i (x, g x ) by 
balls B ra (y a , g x ) (a = 1, •• • ,1) with properties (i)-(iv) as above. Then we can 
have a smooth function \ associated to this covering as we did above. Put 
p(y) = d(y,S x ) and 

K = B s -i(o,g x )\U a B ra/2 (y a ,g x ). 
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Define j E according to (|5.10l) . Clearly, it satisfies (1) and (2) in Lemma [5751 For 
(3), if S is sufficiently small, we only need to prove 

|V^-C| 2 < = / |r/-CHVC| 2 < < |, (7.8) 

K J K z 

where 

C(y) = l..u f vj 



By the well-known co-area formula, we have 

poo 

h'.C| 2 |VC| 2 < - / \rf{r)\ 2 \VC[Yo\{C\r)nK)dr. 



K Jo 

Clearly, C,(y) = r implies that p(y) — ee~ e , moreover, if we set s = |V£| 2 , we 
have 

yfs = -e er ~ r . 

€ 

It is a monotonic function for r > 0, thus, the inverse r = r(s) exists. By the 
co-area formula again, we have 

da { W ■ CI 2 < = r ds [°° Mg£ Vol(C- X (r) n K) dr. 

J{|VC| 2 >s}nK JO Jr(s) \ V( =\( r ) 

Exchanging the order of integrals on r and s, we get 

h'-d 2 ivci 2 < = r d S f b/-d 2 <- 

k Jo "'{|vc| 2 >s}ni? 

Combining the above integrals, we get 

|V(r?-C)| 2 < = r s'{t)dt j W-C?^ 
K Jo J{\vc\ 2 >s(t)}nK 

where 

s(t) ' 



e 2 t 2 (-\ogt) 2 ' 



Since rj'(((y)) = unless e8 3 < p(y) < eS, we can deduce from this identity 
and the following lemma that 



poo 

|V(ry-C)| 2 < < C K I / e 2 t 2 s , (t)dt + / e 2 S 2 s'(t)dt 



K 



We get (|7.8[) from this estimate since the last two integrals tend to as 5 goes 
to 0. Therefore, Lemma [5751 follows from the following. 



Lemma 7.3. For any compact subset K C C X \S X , there is a constant Ck 
such that for any r < 1, the volume ofT r (S x ) D K is bounded by Ckt 2 , where 
T r {S x ) = {z I d(z,S x ) < r}. 
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This follows from an estimate on the lower bound of the ratio r 2_2 ™vol( l S a; fl 
B r (y, g x )) for any r < 1 and y € KC\S X . Such an estimate can be easily derived 
by a blow-up argument and what we have obtained above. 

Remark 7.4. In fact, Assumption Ai can be established by the techniques 
used above. An approach is to use the maps i* 1 ™ ■ . One can show that each 
composition ■ • (F™ : V™ 1 VJ 1 is well-defined and the limit ofFT 1 . ■ 
(i^™) -1 . Each such map supposes to be finite and one-to-one on a sufficiently 
large open subset. One can deduce from these that F^ ^ ■ (F™ ,) is one-to-one. 
It implies that i^ooj' is an one-to-one map. Then we get what we wanted. 
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